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Abstract
The magnetically induced martensitic variant reorientation process under applied mechanical load in
magnetic shape memory alloys (MSMAs) is considered. Of particular interest is the associated nonlinear
and hysteretic macroscopic strain response under variable applied magnetic ﬁeld in the presence of stress,
also known as the magnetic shape memory eﬀect (MSME). A thermodynamically consistent phenomenological constitutive model is derived which captures the magnetic shape memory eﬀect caused by the
martensitic variant reorientation process, using internal state variables, which are chosen in consideration of the crystallographic and magnetic microstructure. The magnetic contributions to the free energy
function considered in this work are the Zeeman energy and the magnetocrystalline anisotropy energy.
Activation functions for the onset and termination of the reorientation process are formulated and evolution equations for the internal state variables are derived. The model is applied to a 2-D special case
in which the application of a transverse magnetic ﬁeld produces axial reorientation strain in a NiMnGa
single crystal specimen under a constant compressive axial stress. It is explicitly shown how the model
parameters are obtained from experimental data. Model predictions of magnetic ﬁeld-reorientation strain
hysteresis loops under diﬀerent applied stresses are discussed.
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Introduction

Shape memory alloys (SMAs) have been an important member of the class of active materials for at least
two decades now. They have successfully been used in actuator and sensor design as well as biomedical
and numerous other technological applications. The large strain of 6–10% these materials exhibit when
being subjected to thermal or mechanical load, is caused by the change in crystallography associated with a
reversible austenite to martensite phase transformation. Magnetic shape memory alloys have more recently
emerged as an interesting addition to this class of materials. In addition to the strains originating from temperature or stress controlled conventional shape memory behavior, large strains can be produced in these
alloys under the external application of moderate magnetic ﬁelds. The macroscopically observable strain
induced in MSMA is caused by the microstructural rearrangement of martensitic variants. Since the crystallographic variants of martensite have diﬀerent preferred magnetization directions, applied magnetic ﬁelds can
be used to select certain variants over others, resulting in the macroscopic shape change. The constitutive
response is nonlinear and hysteretic, which gives the material interesting characteristics in terms of possible
applications. In principle, under extreme conditions, the austenite to martensite phase transformation can
also be induced in MSMAs under the application of magnetic ﬁelds. However, if the induction of phase
transformation under magnetic ﬁelds is not facilitated by cooling the necessary magnetic ﬁeld strength levels
are usually very high. The variant reorientation process provides a technologically more attractive way of
producing large inelastic strains by means of magnetic ﬁelds in these materials.
The main focus of this paper is the magnetic ﬁeld-induced martensitic variant reorientation in MSMAs,
which has also been termed magnetostriction of martensite, the magnetic shape memory eﬀect (MSME), the
ferromagnetic shape memory eﬀect (FMSME) or the magnetic ﬁeld-induced variant rearrangement. The ﬁrst
extensive account of the magnetic shape memory eﬀect was given by Ullakko et al. (1996). They reported
strains of nearly 0.2%, found in experiments on unstressed NiMnGa single crystals. Extensive experimental
work on oﬀ-stoichiometric intermetallic compounds near the composition Ni2 MnGa have yielded larger ﬁeldinduced strains of 6% (Murray et al., 2000a) and up to 10% (O’Handley et al., 2003; Sozinov et al., 2003) in
single crystals. Next to the investigation of diﬀerent compositions, the maximum reorientation strain levels
have been increased through thermo-mechanical treatments and the utilization of a better understanding
of the crystallographic structure of magnetic shape memory alloys. For simplicity, these compositions will
collectively be referred to as NiMnGa in this paper, unless a speciﬁc alloy is discussed. A second alloy, FePd,
has been investigated in detail (Cui et al., 2004; James and Wuttig, 1998; Shield, 2003; Yamamoto et al.,
2004), and several additional material systems have also been tested, such as FeNiCoTi, FePt, CoNiGa,
NiMnAl, among others (Murray et al., 1999; Fujita et al., 2000; Kakeshita et al., 2000; Wuttig et al., 2000,
2001; Sozinov et al., 2003). Lately CoNiAl has drawn considerable interest (Karaca et al., 2003; Morito et al.,
2002). It needs to be emphasized that most of the experiments have utilized single-crystal specimens. The
inelastic strain that can be generated in polycrystalline magnetic shape memory alloys is usually smaller
(Cherechukin et al., 2001; Jeong et al., 2003; Murray et al., 1998; Ullakko et al., 2001; Wada et al., 2003).
One eﬀort aimed towards increasing the obtainable reorientation strain in polycrystals is based on the eﬀect
of favorable texture in these materials (cf. Marioni et al. (2002)).
Several models have been proposed in the literature that capture the variant reorientation process. The
approach most commonly taken is the minimization of a free energy function characterizing the system
to ﬁnd equilibrium conﬁgurations for given magnetic, mechanical and thermal load conditions. The model
presented by James and Wuttig (1998) is based on a constrained theory of micromagnetics (see also DeSimone
and James (1997, 2002, 2003)). The terms contributing to the free energy in their model are the Zeeman
energy, the magnetostatic energy and the elastic energy. The magnetization is assumed to be ﬁxed to the
magnetic easy axis of each martensitic variant because of high magnetic anisotropy. The microstructural
deformations and the resulting macroscopic strain and magnetization response are predicted by detecting
low-energy paths between initial and ﬁnal conﬁgurations. They conclude that the typical strains observed in
martensite, together with the typical easy axes observed in ferromagnetic materials lead to layered domain
structures that are simultaneously mechanically and magnetically compatible.
O’Handley (1998) proposed a 2-D model in which two variants are separated by a single twin boundary
and each variant itself consists of a single magnetic domain. The local magnetization is not necessarily
constrained to the crystallographic easy axis. Depending on the magnitude of the magnetic anisotropy, either
the magnetic anisotropy diﬀerence (low magnetic anisotropy case) or the Zeeman energy (high magnetic
anisotropy case) are identiﬁed as the driving force for twin boundary motion. For the intermediate case a
2

parametric study is conducted showing the inﬂuence of varying elastic and magnetic anisotropy energies. All
cases assume an initial variant distribution that implies a remnant magnetization.
Likhachev and Ullakko (2000a) presented a model which identiﬁes the magnetic anisotropy energy difference in the two variant twinned-martensite microstructure as the main driving force for the reorientation
process. The eﬀect of magnetic domains is taken into account in an average sense through the incorporation of curve ﬁtted magnetization data, corresponding to the magnetization along diﬀerent crystallographic
directions, into their model. They argue that, regardless of the physical nature of the driving force, twin
boundary motion should be initiated at equivalent load levels. With this assumption experimentally obtained detwinning-under-stress data in addition to the magnetization data of magnetic shape memory alloy
martensite can be used to predict the constitutive behavior associated with the variant reorientation process
under the application of external magnetic ﬁelds.
Hirsinger and Lexcellent (2003b,a) introduced the outline of a non-equilibrium thermodynamics based
model. The free energy contains chemical, mechanical, magnetic and thermal contributions. The magnetic
term is given by the Zeeman energy. Two internal state variables, the martensitic variant volume fraction and
the magnetic domain volume fraction, are introduced to represent the inﬂuence of the microstructure. The
rate independent nature of their approach motivates the deﬁnition of driving forces for the twin boundary
motion and the domain wall motion.
Glavatska et al. (2003) proposed a constitutive model for the martensitic twin rearrangement based on a
statistical approach, in which the magnetic-ﬁeld-induced strains are related to the relaxation of the internal
stresses in martensite due to magnetoelastic interactions. It should be mentioned that several other groups
have contributed to the literature on modeling of MSMAs, which can not all be mentioned in this brief
overview. A more detailed review of the research on the modeling of MSMAs has recently been published
by Kiang and Tong (2005)
It has previously been pointed out that most of the models found in the literature are based on the
determination of equilibrium conﬁgurations through the minimization of a free energy function. However, in
applications related to the design of structures with active materials, magneto-mechanical paths associated
with the evolution of microstructure need to be modeled accounting for path dependence and hysteretic
eﬀects accompanying the magnetic shape memory eﬀect. The approach taken in the present work is based
on the evolution of thermodynamic states as governed by postulates concerning the dissipation of energy
in such processes compatible with the second law of thermodynamics. The thermodynamic state of the
material, characterized by a speciﬁc choice of independent state variables, is therefore not only determined
by the current values of these state variables, but also by their history, accounted for by appropriate internal
state variables.
A general approach to phenomenological modeling of the loading history dependent constitutive response
of materials undergoing phase transformation, detwinning, or variant reorientation has widely been utilized
in the literature on conventional shape memory alloys (Tanaka, 1986; Liang and Rogers, 1990; Boyd and
Lagoudas, 1996; Lagoudas et al., 1996; Lubliner and Auricchio, 1996; Brinson and Huang, 1996; Bekker and
Brinson, 1997; Bo and Lagoudas, 1999; Lagoudas and Bo, 1999; Govindjee and Hall, 2000). As mentioned,
the austenite to martensite phase transformation in SMAs is induced by cooling or the application of mechanical forces. The independent state variables in this case are therefore usually chosen to be temperature
and stress. In phenomenological constitutive modeling the system can be characterized by a macroscopic free
energy expression which is a function of these independent state variables. A common approach of incorporating path dependence and dissipation is through the introduction of internal state variables (Coleman and
Gurtin, 1967), whose evolution then accounts for the loading history dependence of the material behavior.
Motivated by the crystallographic microstructure of martensite, a common choice for an internal state variable is the martensitic volume fraction. Constitutive equations, which relate the dependent state variables
to the independent ones, follow directly from applying the well-known Coleman and Noll (1963) procedure
commonly used in phenomenological modeling. The dependent state variables, such as the strain or entropy,
are themselves also functions of the internal state variables through the constitutive relations and depend
therefore on the loading history. The lack of apparent intrinsic time scales (diﬀusionless, thermoelastic phase
transformation) makes the shape memory eﬀect subject to rate independent modeling. This approach lends
itself to the introduction of transformation functions, similar to yield functions of rate-independent plasticity
models, which governs the onset and termination of the phase transformation (Qidwai and Lagoudas, 2000a).
A transformation hardening function accounts for the interactions of diﬀerent phases during the transformation process, which inﬂuence the activation of the phase transformation. The evolution of transformation
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strain is related to the evolution of the martensitic volume fraction and its direction is given by a postulated
transformation tensor (Boyd and Lagoudas, 1996).
The variant reorientation process in magnetic shape memory alloys is, from a modeling standpoint, also
similar to the detwinning (i. e. self-accommodated to detwinned martensite) and reorientation (i. e. variation
in the selection of martensitic variants under changes in the stress state) phenomena that are observed in
conventional shape memory alloys (Bekker and Brinson, 1997; Leclercq and Lexcellent, 1996; Shu et al.,
1997).
In order to apply the discussed approach of rate-independent phenomenological constitutive modeling
to MSMAs, in addition to stress and temperature, in the present work an additional state variable, the
magnetic ﬁeld strength, is introduced in the expression of the free energy. This modeling approach has
previously been discussed in (Kiefer and Lagoudas, 2004). A martensitic variant volume fraction and a magnetic domain volume fraction are identiﬁed as appropriate internal state variables. This choice is physically
directly motivated by changes in the internal crystallographic and magnetic microstructure of the material
which provide the mechanisms causing the macroscopically observable behavior. The thermodynamic framework is generalized to include magnetic ﬁeld variables as well as magnetic energy terms. The derivation of
constitutive equations for the dependent state variables entropy, strain and magnetization follows the same
general procedure (Coleman and Noll, 1963) as discussed above. A reorientation function takes the role of
the aforementioned transformation function, and governs the start and ﬁnish of the reorientation process. A
hardening function accounts for the inﬂuence of the evolution of the martensitic variant volume fraction on
the variation of critical ﬁeld values for the reorientation process activation. The reorientation function, in
combination with the incorporated hardening behavior, is physically interpreted based on a phase diagram
in magnetic ﬁeld vs. stress space. The evolution of the magnetic domain volume fraction is incorporated into
the constitutive model in an analogous manner, by introducing a domain wall motion function, associated
activation conditions and a corresponding hardening function.
The structure of the paper is as follows. The variant reorientation process is investigated in detail in
Section 2, to promote a better understanding of the physical phenomena underlying the ferromagnetic shape
memory eﬀect. The observations made there are to be regarded as a physical motivation for the constitutive
modeling approach which is pursued in this paper. Section 2.1 discusses the constitutive response in terms
of macroscopic straining and the correlated magnetization of a MSMA single crystal under the application of
magnetic ﬁelds and its connection to the crystallographic rearrangement of the martensitic variants. Section
2.2 takes a closer look at the magnetization of the martensitic phase in magnetic shape memory alloys.
The magnetic anisotropy of the material is investigated by considering the magnetization of MSMAs along
diﬀerent crystallographic directions, when constrained to single variant conﬁgurations. A connection of
the evolution of the magnetic microstructure to the macroscopic magnetization is established. Section 3 is
concerned with the phenomenological modeling of magnetic shape memory alloys. First, Section 3.1 presents
the generalized thermodynamic framework on which the modeling eﬀort is based. The constitutive model
capturing the magnetic shape memory eﬀect is then derived in Section 3.2, based on the formulation of a
speciﬁc free energy expression. To illustrate the validity and usefulness of the proposed model, an application
to a speciﬁc example is conducted in Section 4. First, the governing equations are reduced for the special
case in Section 4.1. Then, a procedure is introduced to obtain model parameters from experimental data
in Section 4.2, which is directly applied to the considered case. The section ends with the presentation of
numerical results on the strain vs. magnetic ﬁeld response of a NiMnGa single crystal for varying biasing
stress levels, in Section 4.3. The paper is concluded in Section 5 with a general discussion of the introduced
constitutive model and an outlook on possible extensions of the presented approach in future work.

2
2.1

Inﬂuence of the Crystallographic and Magnetic Microstructure
on the Macroscopic Constitutive Response of MSMAs
Induction of the macroscopic reorientation strain and the associated magnetization in MSMAs

The term magnetic shape memory eﬀect (MSME) denotes the induction of large inelastic strains in the
martensitic state of MSMAs under the application of external magnetic ﬁelds. For a rigorous understanding
of the phenomena involved in causing this constitutive response, diﬀerent length scales must be analyzed.
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For instance, the observed macroscopic deformation of the material is connected to microstructural changes
in the distribution of martensitic variants. In this paper the continuum scale, or macro-scale, is deﬁned
to generally span many magnetic domains and martensitic twin bands, which in turn span many crystallographic length scales. The macroscopic constitutive response is then related to the average material behavior,
which is described by appropriate constitutive equations at a particular material point. At each material
point, the average behavior is caused by mechanisms occurring on the micro-scale, which is the length scale
of microstructural features such as magnetic domains, domain walls, martensitic variants, martensitic twins
and twin boundaries.
In the magnetic shape memory alloy NiMnGa, the crystallographic structure of the low temperature
martensite exhibits tetragonal symmetry. Figure 1 depicts the three possible tetragonal variants and introduces the nomenclature followed in this paper.1 The undeformed austenite has cube edges of length a0 ,
whereas a and c refer to the long and short edges of the tetragonal unit cell associated with each martensitic
variant, respectively. Typical lattice parameters for MSMAs with tetragonal martensite have for example
been reported in Webster et al. (1984); Zasimchuk et al. (1990); Likhachev and Ullakko (2000b) for NiMnGa
and in Cui et al. (2004) for FePd. Note that each of the martensitic variants are magnetized along a preferred
crystallographic direction, named the magnetic easy axis, which in this case is aligned with the short edge
c of the tetragonal unit cell, where it must be understood that the magnetization of a single unit cell is an
idealized concept. The magnetization can be oriented in either the positive of negative easy axis direction.
With this conﬁguration of orthogonal preferred directions of magnetization, it is evident that the application
of an external magnetic ﬁeld can be used to favor selected variants over others, since an alignment of the
magnetization and the magnetic ﬁeld inside a magnetic material is energetically desirable. In the context of
MSMA this process is referred to as the magnetic ﬁeld-induced reorientation of martensitic variants, which
is the microstructural mechanism causing the macroscopic magnetic shape memory eﬀect.
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Figure 1: Crystal structure of the austenitic phase and the tetragonal martensite variants in NiMnGa.
Arrows indicate the possible orientations of the saturation magnetization M sat within each variant.
An experiment in which the strain vs. applied magnetic ﬁeld response is measured has been reported
by Tickle and James (1999); Tickle et al. (1999); Tickle (2000). A schematic illustration of the phenomena observed in this experiment is shown in Figure 2. Initially, the MSMA material is cooled under the
application of a constant stress, thereby inducing the austenite to martenstite phase transformation. The
applied compressive axial stress produces a single variant conﬁguration of detwinned martensite, representing
a clearly deﬁned initial microstructure, which proves to be advantageous for the measuring of reorientation
strains. The observed total strain consists of an elastic part, a transformation strain associated with the
martensitic phase transformation, and the reorientation strain. The transformation strain is considered a
constant quantity for the reorientation process, known from strain measurements during cooling from the
austenitic reference state. Since completely detwinned martensite is produced in the phase transformation
1 To be precise, the austenite in Ni MnGa is of L2 Heusler type structure, which is based on a fcc lattice. The martensite
2
1
phase exhibits a bct structure, where the unit cell is rotated by 45◦ against the austenite lattice (cf. Murray et al. (2000b)).
However, in most of the literature the more convenient description of the martensite structure depicted here has been adopted.
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induced by cooling under applied stress, no additional detwinning of self-accommodated martensite occurs
under the application of magnetic ﬁelds. Note that the stress is kept constant throughout the experiment,
within a range whose lower bound is given by the minimum stress σ sv necessary to ensure a detwinned single
variant martensite conﬁguration, and whose upper bound is the blocking stress σ b . Above the blocking stress
σ b the magnetic shape memory eﬀect caused by martensitic variant reorientation is completely suppressed
(cf. Tickle and James, 1999).

micro-scale

y, [010]

(a)

undeformed austenite

x, [100]
cooling under
stress application
single variant 1
martensite

σxx

σxx

Hy = 0

(b)

application of magnetic ﬁeld

intermediate state,
coexistence of both
variants

σxx
Hy
increase of magnetic ﬁeld

H s(1,2) < Hy < H f(1,2)
single variant 2
martensite

σxx

σxx

σxx
Hy

H f(1,2) < Hy

(c)

Magnitude of
applied stress
sv
b
|σxx
| < |σxx | < |σxx
|

Figure 2: Schematic of several conﬁgurations of a NiMnGa single crystal specimen, corresponding to increasing applied magnetic ﬁeld levels, as observed in an experiment devised to measure the strain vs. magnetic
ﬁeld response of NiMnGa under a constant compressive mechanical load (Tickle and James, 1999; Tickle,
2000). Additionally, Schematics (a)–(c) depict the respective magnetic and crystallographic microstructural
arrangements of martensitic variants and magnetic domains.
For the martensitic variant 1 state an idealized schematic of the crystallographic and magnetic microstructure, at a generic material point, is shown in Schematic (a) at the right hand side of Figure 2. For this initial
single variant state the micro-scale view depicts several magnetic domains. Magnetic domains are regions in
which the magnetization is locally homogeneous and that are separated by magnetic domain walls, narrow
regions in which the magnetization is rotated to accommodate the magnetization directions of neighboring
domains (Kittel, 1949; Cullity, 1972; Spaldin, 2003). On the considered scale domain walls are essentially
assumed to have zero thickness and in the schematic they are indicated by horizontal lines. Due to the
considered tetragonal symmetry of martensite, the magnetization vectors are oriented along the horizontal
[100]-direction, the easy axis of variant 1, and point in either the positive or negative coordinate direction,
depending on the domain. Since there is no external magnetic ﬁeld applied in this initial conﬁguration,
the domain arrangement yields a vanishing macroscopic magnetization. The magnetic energy terms whose
competition governs the formation and size of magnetic domains and domain walls and the importance of
the evolution of the magnetic microstructure with regards to the MSME are discussed in Section 2.2 in more
detail.
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The subsequent application of a transverse magnetic ﬁeld Hy , above a critical threshold value, induces
the nucleation of variant 2. The favored variant 2, then grows at the expense of variant 1 with increased Hy ,
resulting in the axial reorientation strain. The reorientation strain develops in this conﬁguration, during the
magnetic ﬁeld-driven variant reorientation, because the long edge a of variant 2 replaces the short edge c of
variant 1 along the [100] direction, thereby leading to an extension in that direction and contractions in the
perpendicular directions. The evolution of the martensitic variant arrangement is quantiﬁed by considering
the changes in variant volume fractions. Typical strain-magnetic ﬁeld response curves, as measured in the
described experiment, are qualitatively presented in Figure 3, for several increasing compressive stress levels.
For an exemplary hysteresis loop this schematic introduces the notation for the threshold values H s(1,2) and
H f(1,2) associated with the forward (variant 1 → variant 2), as well as H s(2,1) and H f(2,1) for the reverse (variant 2 → variant 1) reorientation process. The symbols s and f denoted the start and ﬁnish of the respective
process, respectively.
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Figure 3: Schematic strain vs. magnetic ﬁeld response of a MSMA single crystal for diﬀerent axial bias stress
levels.
As discussed, the macroscopic strain response shown in Figure 3 is caused by magnetic ﬁeld-induced evolution of the magnetic and crystallographic microstructure. The microstructural arrangement for a generic
intermediate applied magnetic ﬁeld level H s(1,2) < Hy < H f(1,2) is depicted in Schematic (b) of Figure 2. Again,
horizontal and vertical lines indicate 180◦ magnetic domain walls, whereas slanted lines indicate twin boundaries, which also happen to coincide with 90◦ domain walls. In such a state, both variants coexist and form a
twinned conﬁguration. Two types of magnetic domains are present in each twin band. Note also that within
each variant the magnetic domains in general have diﬀerent volume fractions, yielding a non-zero macroscopic magnetization. The specimen is thereby magnetized in the process of applying the external magnetic
ﬁeld, simultaneously to the induction of the macroscopic reorientation strain. It must be emphasized at this
point that the microstructures shown in Schematics 2(a),(b) are simpliﬁed in that they do not illustrate the
local rotation of magnetization vectors, which generally also occurs in the magnetization process of MSMA.
The inﬂuence of magnetization rotation within martensitic variants will be discussed in the following section.
Considering again Schematic 2(a), note that further increase of the magnetic ﬁeld completely eliminates
variant 1 at the threshold value of H f(1,2) , and for the resulting single variant 2 conﬁguration the maximum
reorientation strain is observed. Raising the magnetic ﬁeld level above H f(1,2) at which the reorientation
process is complete, does not result in further straining of the material. The application of an external
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magnetic ﬁeld causes the simultaneous evolution of the magnetic domain structure such that for a large
applied magnetic ﬁeld the specimen consists of a single magnetic domain.
Quantitative experimental data corresponding to the qualitative macroscopic material response shown in
Figure 3 have been published by Tickle et al. (1999); Tickle (2000). Note that the observed strain response
is nonlinear and hysteretic, indicating dissipative eﬀects associated with motion of twin boundaries. The
strain axis intercepts of the hysteresis loops are related to the amount of compressive elastic strain and
the transformation strain, since the undeformed austenite is taken to be the reference conﬁguration. It
should be observed that the maximum reorientation strain, as well as the size and shape of the hysteresis
loops depend on the applied stress. The application of magnetic ﬁelds in the opposite direction produces
the same hysteretic strain response. It must be pointed out the depicted curves represent an idealization
of experimental observations, that captures most of the essential elements in the constitutive response of
MSMA. Speciﬁcally, the response has been idealized in that it usually is nonsymmetric with respect to the
positive and negative magnetic ﬁeld cycle for some stress levels. Experimentally one actually observes a ﬁrst
cycle eﬀect, because the maximum attainable strain in the ﬁrst cycle is diﬀerent from that of subsequent
cycles (Karaman, 2004). If, for example, a positive magnetic ﬁeld cycle is applied ﬁrst and then followed
up by a cycle of negative magnetic ﬁeld application, the maximum reorientation strain value is observed to
be smaller in the latter cycle. The maximum value for the reorientation strain essentially saturates within
a ﬁrst full cycle (one positive hysteresis loop and one negative hysteresis loop), so that it does not change
for subsequent cycles, in which the strain response is then symmetric with respect to the strain axis. The
curves schematically shown in Figure 3 represent stable hysteresis loops observed after a ﬁrst complete cycle. The proposed model will be restricted to capturing only the characteristics of such stable hysteresis loops.
The next subsection deals with magnetic microstructures and the process of magnetizing a MSMA.
Ultimately, it is the combination of the evolution of the martensitic variant and magnetic domain structure
which provides the internal mechanisms that cause the macroscopic straining and magnetization of the
material, and thus the magnetic shape memory eﬀect. A detailed understanding of the mechanisms involved
is essential for the modeling of the constitutive behavior.

2.2

Evolution of the magnetic microstructure in the magnetization of MSMAs

It has been indicated in Section 2.1, that the evolution of the reorientation strain is directly related to
the magnetization of the MSMA material, since the reorientation process is driven by the magnetic ﬁeldcontrolled selection of martensitic variants. The evolution of the magnetic domain structure has qualitatively
been described in Schematics (a)–(c) of Figure 2. However, these illustrations are based on certain assumptions concerning the magnetic properties of the considered material, which we proceed to investigate.
In general, the process of magnetizing a MSMA specimen involves several mechanisms which help to
align the macroscopic magnetization with the external magnetic ﬁeld. These include the nucleation and redistribution of martensitic variants, the magnetic domain wall motion and the rotation of the magnetization
away from the preferred magnetic axis. In order to understand the inﬂuence of each of the mentioned mechanisms it is helpful to consider a thought experiment in which these eﬀects can partially be separated. If the
reorientation of martensitic variants in a MSMA single crystal is completely suppressed by the application
of a stress above the blocking stress, then a change in the magnetization of the material by means of the
nucleation of other more favorable variants is inhibited. The magnetization process of the MSMA in this
case is comparable to that of regular ferromagnetic materials. Readers familiar with ferromagnetic materials
will ﬁnd the concepts introduced in the next few paragraphs basic, but they are included to ensure that all
of the mechanisms involved in the magnetization of MSMAs are well understood before the details of the
constitutive model are introduced.
Figure 4 shows a sketch of the initial single variant 1 conﬁguration, which corresponds to that of Figure
2, except for the elevated stress level. Note that the phenomena that occur at stress levels above σ b are not
restricted to this speciﬁc biasing stress regime. They occur at all possible stress levels. However, the analysis of the inﬂuence of diﬀerent mechanisms is greatly facilitated if the magnetization process is considered
without the possibility of variant reorientation. Next to the macroscopic view of the specimen, Figure 4
also depicts schematics of the micro-scale and the crystallographic scale. The crystallographic scale is shown
simply to indicate the fact that magnetic domains generally span many unit cells.
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Figure 4: A schematic of the initial single variant 1 martensite state. The variant reorientation is suppressed
by an axial compressive stress higher than the blocking stress. Also shown, schematics of the corresponding
microscopic scale and the crystallographic scale.

Before analyzing the magnetization of a MSMA single crystal in the speciﬁc conﬁguration presented in
Figure 4, let us discuss the physical phenomena related to the formation of magnetic domains, and the
magnetization of ferromagnetic materials in general, in more detail. From experimental observations it is
evident that the application of external magnetic ﬁelds along diﬀerent crystallographic directions is generally
associated with varying energetic expense, which gives rise to the magnetocrystalline anisotropy energy. The
direction along which the least amount of energy is required to magnetize the material is therefore termed
the magnetic easy axis, and, correspondingly, the hard axis is the direction for which the most energy is
expended. This anisotropic behavior of magnetic materials can be explained by the fact that varying mechanisms are activated in the magnetization along diﬀerent crystallographic directions. To understand these
mechanisms it is necessary to consider competing energy terms that play an important role in the formation
and redistribution of magnetic domains. The exchange energy is based on quantum mechanical eﬀects and
acts to align neighboring magnetic dipole moments parallel to each other. It supports the formation of single
domain conﬁgurations, which cause the material to be magnetized macroscopically. The thereby generated
magnetostatic ﬁeld, to which the magnetic body itself is subjected, tends to demagnetize it (Cullity, 1972).
Associated with the built-up of this demagnetization ﬁeld is the magnetostatic energy. To reduce this energy,
multiple domains or closure domains are formed, which decrease the macroscopic magnetization and thereby
the magnetostatic ﬁeld outside the material body. The Zeeman energy is the main driving force in the redistribution of magnetic domains. It can be interpreted as the potential energy associated with the interaction
between the magnetization of the material and an applied magnetic ﬁeld. The magnetic domain structure
is formed and evolves such that an alignment of the magnetization and the magnetic ﬁeld is achieved.
The qualitative knowledge of the energy terms involved in the formation and evolution of magnetic domains is useful in the analysis of the macroscopic magnetization of the considered MSMA. Let us investigate
in this thought experiment the magnetization of the single variant martensitic specimen (Figure 4) along
two speciﬁc crystallographic directions, namely the compression axis and the axis perpendicular to it.
• Magnetization along the compression axis (easy axis): Figure 5 schematically shows the magnetic domain distribution at diﬀerent applied ﬁeld levels for the magnetization of the MSMA specimen
along the [100]-direction. The starting point in Figure 5 (left box) is the same microstructural view
of the compressed single variant specimen as was presented in Figure 4 (middle box). Note that since
the external ﬁeld is applied in the [100]-direction, the magnetization to saturation can be realized by
mostly reversible 180◦ domain wall motion, requiring a low amount of energy, making this direction
the easy axis of magnetization.
Note also, that no ordinary magnetostrictive change in dimensions is associated with the mechanism of
180◦ domain wall motion. Ordinary magnetostriction thereby refers to the deformation of the MSMA
under the application of magnetic ﬁelds, which is not associated with the reorientation of martensitic
variants. Even though magnetostrictive strains are usually at least one order of magnitude smaller
than the reorientation strain in MSMA, changes in the elastic energy due to these deformations can
potentially inﬂuence the overall constitutive response.
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micro-scale

Hx,[100]

Hx,[100]

M >0

M = M sat

y,[010]
x,[100]

M =0

Figure 5: Magnetization of the single variant specimen along the compression axis (easy axis).
The change in the macroscopic magnetization by means of magnetic domain wall motion can be observed in the previously presented conﬁguration for intermediate ﬁeld values (Figure 2). Note that in
Schematic 2a the favored domains are of greater volume fraction than their unfavored counterparts,
which are continuously reduced for increasing magnetic ﬁelds. It has been argued in the literature that
unfavorable magnetic domains are eliminated in MSMAs at relatively low magnetic ﬁeld levels at the
very beginning of the reorientation process. This point will be discussed in more detail in Section 4.1.
• Magnetization along the perpendicular axis (hard axis): As indicated in Figure 6, no domain
wall motion mechanism is available to accommodate the magnetization along the [010]-direction. The
magnetization in both domains must be rotated away from the easy axis. The rotation of the magnetization within a martensitic variant requires work against the magnetocrystalline anisotropy energy.
The amount of energy expended in activating this mechanism is higher than that associated with domain wall motion. The [010]-direction is therefore the hard axis for this material. The magnetization
of the MSMA specimen along directions in between [100] and [010], requires an intermediate amount
of energy. Unlike the motion of 180◦ domain walls, the rotation of the magnetization inside of the
martensitic variant is coupled with ordinary magnetostriction.

micro-scale

y,[010]
x,[100]

Hy,[010]

M = M sat

M =0

Figure 6: Magnetization of the single variant specimen perpendicular to the compression axis (hard axis).
Figure 7 shows the corresponding qualitative magnetization curves for the easy [100] and the hard [010]directions. The coordinate axes are normalized by the saturation magnetization M sat and an arbitrary
maximum applied ﬁeld value H max , respectively. The magnetization curves in Figure 7 are understood in
the context of the mechanisms presented in Figures 5 and 6. Recall that the mechanism of accommodation
in the magnetic microstructure is the domain wall motion, in the easy axis case, and rotation of the magnetization, in the case of the hard axis. Experiments of this nature have in fact been conducted for NiMnGa
and the results have been reported by Tickle and James (1999). Similar results have been published by
Likhachev and Ullakko (2000a), Shield (2003) and Cui et al. (2004).
The analysis of the experimental results such as those qualitatively presented in Figure 7 is of great
importance for the development of a phenomenological constitutive model which captures the macroscopic
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Figure 7: Qualitative magnetization curves of the single variant MSMA specimen magnetized along the
compression and perpendicular axes. For quantitative experimental results cf. Tickle and James (1999).
strain response associated with the magnetic shape memory eﬀect as presented in Figures 2 and 3 of Section
2.1. It has been shown how, in the induction of the reorientation strain, both the evolution of the martensitic
variant distribution as well as the magnetic microstructure play an essential role. To model the magnetization and the associated deformation of the MSMA, the mechanisms of domain wall motion, magnetization
rotation as well as the nucleation and reorientation of martensitic variants must all be taken into account.
We have thus brieﬂy presented the microstructural mechanisms which cause the macroscopic strain
response and the corresponding magnetization of the MSMA under the application of external magnetic
ﬁelds. This information motivates the incorporation of the evolution of the crystallographic and magnetic
microstructure into the phenomenological constitutive model, which in this work is realized through the
introduction of appropriate internal state variables. First, however, a general thermo-magneto-mechanical
framework must be established, which is done in the following section.

3
3.1

Phenomenological Modeling of the Magnetic Shape Memory
Alloy Constitutive Behavior
Thermodynamic framework for the phenomenological modeling of MSMAs

Magnetic shape memory alloys can be considered as continua that deform under mechanical and magnetic
forces. All state variables are deﬁned at a generic material point of the continuum. The thermodynamic
state of the material body can be characterized by the Gibbs free energy function G, which depends on the
independent state variables temperature T , the Cauchy stress tensor σ and the magnetic ﬁeld strength H as
well as a set of internal state variables. In addition to the inelastic reorientation strain ε r , the internal state
variables are given by a generic set ζ. Speciﬁc choices for those variables are going to be made in Section
3.2.1, based on physical motivation by the crystallographic and magnetic microstructure of MSMAs. The
method of incorporating dissipative eﬀects, and thereby loading history dependence, into the free energy
expression through internal state variables was originally proposed by Coleman and Gurtin (1967).
The Gibbs free energy is related to the internal energy u = û(s, ε te , M, ε r , ζ) through the Legendre
transformation
µ
1
(1)
G = Ĝ(T, σ, H, ε r , ζ) = u − sT − σ : ε te − 0 H·M ,
ρ
ρ
where s is the speciﬁc entropy, ρ is the mass density, ε te the thermoelastic strain tensor, µ0 the permeability
of free space and M the magnetization.
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In the context of the magnetic shape memory eﬀect that has been introduced in Section 2.1, diﬀerent
components of the total strain need to be distinguished. Deformations corresponding to diﬀerent stages of
the loading cycle are schematically indicated in Figure 2 and corresponding strain curves have been presented
in Figure 3. It has implicitly been assumed in equation (1) that for a small strain approximation the additive
decomposition
(2)
ε = ε te + ε r + ε̄ tr ,
is appropriate. Here, the reference state for the measured strain is the undeformed austenite. The thermoelastic part of the total strain tensor is reversible and the irreversible part consists of the reorientation
strain ε r and the transformation strain ε̄ tr . The transformation strain occurs when the austenitic material is
cooled below the martensitic ﬁnish temperature under the application of stress and the phase transformation
produces detwinned martensite. The bar indicates that the quantity is constant (i. e. ε̄˙ tr = 0) throughout
the reorientation process, as the material remains entirely in the martensitic state. It must further be remarked that the thermo-magneto-mechanical framework introduced in this paper is in general not limited
to a small strain formulation. Finite strain models have been presented in the literature in the context of
conventional SMAs, which employ the same thermo-mechanical framework (cf. Qidwai and Lagoudas, 2000b).
The conservation of energy is expressed in the ﬁrst law of thermodynamics, which in the local form is given
by (Malvern, 1969)
(3)
ρu̇ = σ : ε̇ + µ0 H· Ṁ − div q + ρr h ,
with q denoting the heat ﬂux vector and r h a heat source. The additional contribution of the magnetic ﬁeld
to the rate of change of the internal energy of a material body, represented by the term µ0 H· Ṁ, has been
discussed by several authors (Truesdell and Toupin, 1960; Tiersten, 1964; Brown, 1966; Penﬁeld Jr. and
Haus, 1967; Pao and Hutter, 1975; Hutter and van de Ven, 1978; Eringen and Maugin, 1990a,b; Maugin,
1999).
A limitation on the direction in which a thermodynamic process can be carried out in a physical system
is given by the second law of thermodynamics, which can be formulated in terms of the internal entropy
production rate γ (Malvern, 1969) as
γ := ṡ −

1
1
rh
+
div q −
q·∇T ≥ 0 .
T
ρT
ρT 2

(4)

Following the well-known procedure of Coleman and Noll (1963), in utilizing equations (1), (3) and (4), one
derives the Clausius-Duhem inequality, which is a combination of the ﬁrst and second law of thermodynamics
as presented in the local form of (3) and (4), as


∂G
−ρ s+
∂T








∂G
∂G
Ṫ − ε + ρ
: σ̇ − µ0 M + ρ
Ḣ
∂σ
∂H
te

(5)



1
∂G
∂G
· ζ̇ − q·∇T ≥ 0 .
+ σ − ρ r : ε˙r − ρ
∂ε
∂ζ
T

Note that the rates Ṫ , σ̇ and Ḣ appear linearly in equation (5). Through the constitutive assumption
(1), their parenthesized coeﬃcients only depend on the set of state variables (T, σ, H, ε r , ζ), not their rates.
Therefore, in order for the inequality to hold for arbitrary processes, these coeﬃcients must vanish, which
leads to the constitutive relations
s=−

∂G
;
∂T

ε te = −ρ

∂G
;
∂σ

µ0 M = −ρ

∂G
.
∂H

(6)

The coeﬃcients of ε˙r and ζ̇ in the inequality (5) can, however, in general depend on the rates of the internal
state variables and therefore need not vanish. This dependence can thereby not be arbitrary, but is governed
by the reduced Clausius-Duhem inequality
σ eff : ε̇ r − ρ

1
∂G
· ζ̇ − q·∇T ≥ 0 ,
∂ζ
T

where the deﬁnition of an eﬀective stress tensor σ eff := σ − ρ ∂∂G
ε r has been introduced.
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(7)

3.2

Derivation of a model accounting for the variant reorientation process in
MSMAs

The thermo-magneto-mechanical framework has now been established on which a phenomenological model
can be built. The approach taken here is to propose a speciﬁc form of the free energy function (1) whose
terms are motivated by the analysis of the development of the reorientation strain and the magnetization
associated with the magnetic shape memory eﬀect, as they have been discussed in Section 2. The inﬂuence
of the changing crystallographic and magnetic microstructure is incorporated through the introduction of
suitable internal state variables, which account for the dissipative eﬀects associated with the twin boundary and domain wall motion in the evolution of the inelastic reorientation strain. Additional internal state
variables are introduced to describe changes in the free energy caused by the local rotation of the magnetization away from magnetic easy axes, which can be considered as a reversible process and thus the latter
phenomenon does not contribute to the entropy production. According to the constitutive relations (6),
the expressions for the dependent state variables entropy s, thermoelastic strain ε te and magnetization M,
follow directly from taking partial derivatives of the speciﬁc Gibbs free energy function with respect to the
independent state variables temperature T , mechanical stress σ and magnetic ﬁeld strength H. Through
the derived constitutive relations, the dependent state variables also depend on the internal state variables,
whose evolution thereby accounts for the loading history dependence of the material behavior.
Another possible approach that has been used in the modeling of shape memory materials is to explicitly
account for micro-scale phenomena, such as the interaction of martensitic variants, and their inﬂuence on the
macroscopic material behavior, which is determined by using appropriate averaging techniques (cf. Patoor
et al., 1996). In the phenomenological approach taken here, the eﬀective constitutive response at a material
point and its variation with the evolution of the microstructure is represented by the evolution of the internal
state variables and their coupling to the prescribed nature of the hardening behavior.

3.2.1

The choice of internal state variables

In order to motivate the introduction of speciﬁc internal state variables for the MSMA constitutive model
we again consider the inﬂuence of the crystallographic and magnetic microstructure on the macroscopic
constitutive response as it has been addressed qualitatively in Section 2. Recall that in the 2-D case, two
martensitic variants, and two magnetic domain types coexist. To explain the nomenclature and the assumptions associated with the introduction of these variables Figure 8 takes a closer look at the microstructure
that has previously been shown in Figure 2, for a generic intermediate applied magnetic ﬁeld level. Note
that in this sketch the possibility of a rotation of the local magnetization away from the magnetic easy
axes is included. Variant 1 (cf. Figure 1 for terminology) is magnetized along the x, [100]-direction, whereas
variant 2 has its magnetic easy axis along the y, [010]-direction. The magnetic domains are deﬁned by the
orientation of the magnetization. Magnetic domain 1 refers to parts of the magnetic microstructure in which
the magnetization, when aligned with the easy axis, is oriented in the negative direction of the respective
coordinate axis, and in domain 2 it points in the opposite direction.
Motivated by this 2-D arrangement of the microstructure the scalar martensitic variant 2 volume fraction
ξ and the magnetic domain 2 volume fraction α are introduced. Correspondingly, the volume fraction of
variant 1 is (1 − ξ), and that of domain 1 is (1 − α). As mentioned, the third internal variable is the reorientation strain ε r , whose evolution contributes to the total strain and is later connected to the evolution of the
martensitic variant volume fraction. To account for the local rotation of the magnetization vectors the angles
θi , with (− π2 ≤ θi ≤ π2 ), are introduced as additional internal state variables, where the subscript i refers
to one of the four sub-regions indicated in Figure 8. Each of these regions refers to one of the four possible
combinations of martensitic variants and magnetic domains in the considered arrangement. Note that as
indicated in Figure 8 the local magnetization vectors and their associated rotation angles are considered
constant within each domain. Note that the rotations shown in the sketch do not necessarily correspond
to realistic arrangement of magnetization vectors, but serve the purpose of illustrating the nomenclature.
Compatibility of domains along a twin plane, which separates diﬀerent variants, has also been assumed,
meaning that the domain walls of neighboring twins meet on the twin boundary in a compatible manner.
For this microstructural conﬁguration the four distinct magnetization directions that exist have the speciﬁc
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α
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Figure 8: Coexistence of martensitic variants and magnetic domains at a twin boundary during the reorientation process. The angles θi represent the rotation of magnetization vectors (solid arrows) with respect
to the magnetic easy axes along which they are oriented in their reference conﬁgurations (dashed arrows).
The abbreviation V1 D2 , for example, stands for ”variant 1, domain 2”. The four distinct subdomains are
numbered 1–4 to simplify the notation.

magnetization vectors




M 1 := M V1 D1 = −M sat cos(θ1 ) ex + sin(θ1 ) ey , M 2 := M V2 D1 = M sat sin(θ2 ) ex − cos(θ2 ) ey ,


M 3 := M V1 D2 = M sat cos(θ3 ) ex + sin(θ3 ) ey



, M 4 := M V2 D2 = M sat − sin(θ4 ) ex + cos(θ4 ) ey ,

which each contribute to the eﬀective magnetization at a material point, such that




1
3
2
4
M = (1 − ξ) (1 − α)M + αM + ξ (1 − α)M + αM .

(8)

(9)

M sat is the saturation magnetization and ex , ey are unit vectors in the respective coordinate directions. If
the magnetization vectors are assumed to be ﬁxed to the respective magnetic easy axes (i. e. θi = 0) this
representation of the microstructure reduces to the formulation previously proposed in the literature by
Hirsinger and Lexcellent (2003b).

3.2.2

Formulation of the speciﬁc Gibbs free energy

On the basis of the assumed microstructure and the resulting choice of internal state variables the Gibbs
free energy is constructed as a weighted average between the contributions of each variant. In each step
the deviation of the total free energy from the weighted average of the constituents is accounted for by an
additional mixing term to account for the interactions of martensitic variants
G = Ĝ(T, σ, H, ξ, ε r , α, θj )
V

V

= ξG 2 (T, σ, H, α, θ2 , θ4 ) + (1 − ξ)G 1 (T, σ, H, α, θ1 , θ3 ) + G ξ-mix (ξ, ε r ) ,
with j = 1, . . . , 4.
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(10)

The contribution of each martensitic variant G Vi , (i = 1, 2) to the total Gibbs free energy (10) is proposed
to be given by




µ
µ
1
V
V
V D
an,V D
V D
an,V D
σ : S i σ + (1 − α) − 0 M i 1 ·H + G i 1 + α − 0 M i 2 ·H + G i 2
G i =−
2ρ
ρ
ρ
(11)
+G

α-mix

(α) + G0 (T ) .

Here, S Vi denotes the elastic compliance tensor of variant i. The density does not diﬀer in the two martensitic variants and the reorientation process is volume conserving.
Note that in (11) the macroscopic magnetization at a generic material point is constructed as a weighted
average of the possible micro-scale magnetization directions that have been introduced in (8). The weighting
factors are the respective magnetic domain volume fractions, a concept previously proposed by Hirsinger
and Lexcellent (2003b,a). A mixing term G α-mix accounts for the interaction of diﬀerent magnetic domains.
The scalar quantity G0 is a reference state value of the Gibbs free energy, which includes the change due
to the initial austenite to martensite phase transformation. If isothermal conditions are assumed for the
reorientation process, G0 is a constant.
The total Gibbs free energy must in general contain an elastic, a magnetic and a magnetoelastic part.
The magnetoelastic contribution in the form of ordinary magnetostriction, however, is neglected since the
associated strains are at least two orders of magnitude smaller in MSMAs than the strains caused by the
variant rearrangement (Tickle and James, 1999). The elastic part is included in the total free energy functional (10), using (11), in the form of the elastic strain energy. The magnetic part contains both the
magnetocrystalline anisotropy energy and the Zeeman energy terms, which have been identiﬁed as the magnetic driving forces for the variant reorientation and the associated magnetization process. These magnetic
energy terms have previously been discussed in Section 2.2 in the context of magnetic domain formation.
The exchange energy has been excluded on the considered scale cf. DeSimone (1993); Shield (2003)). The
magnetostatic energy mentioned in Section 2.2 has not been included explicitly because of its dependence
on the geometry of the considered material body. A continuum level constitutive behavior, which relates
the independent state variables to the dependent ones at a particular material point, can by deﬁnition not
include eﬀects that dependent on the boundary of the modeled domain. It is understood, however, that
the internal magnetic ﬁeld at that material point may be diﬀerent from the externally applied ﬁeld due to
the demagnetization eﬀect which is inﬂuenced by the geometry. As mentioned, the magnetostatic energy
is associated with the build-up of the demagnetizing ﬁeld. The demagnetizing eﬀect is taken into account
when solving the magneto mechanical boundary value problem, i. e. the coupled set of Maxwell’s equations,
mechanical equilibrium equations and constitutive relations with appropriate boundary conditions, for the
internal magnetic ﬁeld acting at the considered point in the continuum with given external magnetic ﬁeld,
stress, temperature values and loading history.
Recall that the magnetocrystalline anisotropy energy G an accounts for changes in the free energy due
to the rotation of magnetization vectors within the magnetic domains. An explicit form of the anisotropy
energy for uniaxial symmetry, which is an adequate assumption, is usually given in a series expansion as
(cf. Kittel (1949); Kittel and Galt (1956); O’Handley (2000))2
G

an

N

=
n=0

Kn sin2n (θ) .

(12)

In the literature on MSMA lower order symmetries, such as tetragonal symmetry (Cui et al., 2004), have
also been considered. Experimental observations that corrections of the anisotropy coeﬃcients due to stress
anisotropy eﬀects related to ordinary magnetostriction in the single variant state are small enough to be
neglected (Tickle, 2000).

2 This series expansion is valid for an unstrained crystal. However, because of the high magnetocrystalline anisotropy observed
in MSMA materials, the inﬂuence of stress application on the anisotropy through ordinary magnetostriction is negligible, as
was indicated by experiments performed by Tickle (2000).
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The inﬂuence of the interaction of evolving martensitic variants or magnetic domains on the free energy,
generically introduced in (10) by the mixing terms G ξ-mix and G α-mix , respectively, is assumed to be captured
by hardening functions of the form
G ξ-mix =
G

α-mix

1 ξ
f (ξ, ε r ) ,
ρ

(13)

1 α
= f (α) .
ρ

By postulating a hardening function associated with the reorientation process, for example, the eﬀective
hardening behavior, which is due to micro-scale interactions of the diﬀerent martensitic variants, is macroscopically taken into account in an average phenomenological sense. Speciﬁc forms of these functions are
introduced in Section 4.1.
The combination of equations (10), (11) and (13) yields the explicit form of the total Gibbs free energy
G = G(T, σ, H, ξ, ε r , α, θj )





µ0 2
µ0 4
1
an,2
an,4
= − σ : Sσ + ξ (1 − α) − M ·H + G (θ2 ) + α − M ·H + G (θ4 )
2ρ
ρ
ρ





µ0 1
µ0 3
an,1
an,3
+ (1 − ξ) (1 − α) − M ·H + G (θ1 ) + α − M ·H + G (θ3 )
ρ
ρ
+

(14)

1 ξ
1 α
f (ξ, ε r ) + f (α) + G0 (T ) ,
ρ
ρ

where S := S V1 + ξ∆S = S V1 + ξ(S V2 − S V1 ) is the eﬀective compliance tensor. For isotropic cases, it has
been shown by the use of micromechanical techniques, that this linear average for eﬀective material properties is a good approximation (Boyd and Lagoudas, 1996; Bo and Lagoudas, 1999; Entchev and Lagoudas,
2001).
From the constitutive equations (6) speciﬁc relations then follow for the entropy, the thermoelastic strain
and the magnetization
s=−

∂G
∂G
=− 0 ,
∂T
∂T

ε te = −ρ

∂G
= Sσ ,
∂σ

ρ ∂G
2
4
1
3
= ξ (1 − α)M + αM + (1 − ξ) (1 − α)M + αM
µ0 ∂H





sat
= M ξ (1 − α) sin(θ2 ) ex − cos(θ2 ) ey + α − sin(θ4 ) ex + cos(θ4 ) ey

M=−

+M

sat

(15)






(1 − ξ) −(1 − α) cos(θ1 ) ex + sin(θ1 ) ey + α cos(θ3 ) ex + sin(θ3 ) ey .

Note that according to (15a) the entropy is only a function of temperature, and therefore must be constant
throughout the reorientation process, if isothermal conditions are assumed. This means that the entropy
changes due to dissipative eﬀects must be balanced by suitable heat transfer to maintain a constant temperature.
By taking derivatives of the total free energy with respect to the internal state variables, i. e. the reorientation strain, the martensitic variant volume fraction and the magnetic domain volume fraction, the
following thermodynamic driving forces are derived

16

π̃ r := σ − ρ

∂G
= σ eff ,
∂ε r






µ0 2
µ0 4
1
∂G
an,2
an,4
= σ : ∆Sσ − ρ (1 − α) − M ·H + G (θ2 ) + α − M ·H + G (θ4 )
π̃ := −ρ
∂ξ
2
ρ
ρ
ξ






µ0 1
µ0 3
∂f ξ
an,1
an,3
+ ρ (1 − α) − M ·H + G (θ1 ) + α − M ·H + G (θ3 ) −
,
ρ
ρ
∂ξ
π α := −ρ




µ  4
∂G
an,2
an,4
2
= ρξ G (θ2 ) − G (θ4 ) + 0 M − M ·H
∂α
ρ



µ  3
∂f α
an,1
an,3
1
+ ρ(1 − ξ) G (θ1 ) − G (θ3 ) + 0 M − M ·H −
,
ρ
∂α

π θ1


 ∂Gan,1 
µ M sat 
∂G
:= −ρ
= −ρ(1 − ξ)(1 − α) 0
− sin(θ1 )Hx + cos(θ1 )Hy +
∂θ1
ρ
∂θ1

π


 ∂Gan,2 
µ0 M sat 
∂G
cos(θ2 )Hx + sin(θ2 )Hy +
:= −ρ
= −ρξ(1 − α) −
∂θ2
ρ
∂θ2

θ2

π θ3 := −ρ

π

θ4

(16)


 ∂Gan,3 
µ M sat 
∂G
− sin(θ3 )Hx + cos(θ3 )Hy +
= −ρ(1 − ξ)α − 0
∂θ3
ρ
∂θ3


 ∂Gan,4 
µ0 M sat 
∂G
− cos(θ4 )Hx − sin(θ4 )Hy +
:= −ρ
= −ρξα −
∂θ4
ρ
∂θ4

The deﬁned quantities π̃ r , π̃ ξ and π α can be interpreted as thermodynamic driving forces for the variant
reorientation process and the magnetic domain wall motion, respectively. This fact will be discussed in more
detail in the following subsection. The Clausius-Duhem inequality (7) can be reduced with the deﬁnition of
the driving forces as follows
4

π̃ r : ε̇ r + π̃ ξ ξ˙ + π α α̇ +
i=1

π θi θ̇i ≥ 0 ,

(17)

where temperature gradients have been considered negligible.
From physical observations it is reasonable to assume that the magnetization rotations are essentially
thermodynamically reversible (Cullity, 1972; Kittel, 1949), and thus do not contribute to the entropy production. This is equivalent to stating that the driving forces for the respective magnetization rotations are
identically zero, i. e.
∂G
=0.
(18)
π θi := −ρ
∂θi
The entropy inequality (17) then reduces to
π̃ r : ε̇ r + π̃ ξ ξ˙ + π α α̇ ≥ 0 .

(19)

Equations (18) represent a set of four relations to determine the four angles θi as functions of the independent
state variables as well as the loading history.
3.2.3

Evolution of the reorientation strain and postulation of functions governing the activation of reorientation or domain wall motion processes

The remaining internal state variables ε r , ξ and α are, as evident from the local entropy production inequality
(19), associated with energy dissipation. In this section evolution equations are derived for these internal
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variables based on the principle of maximum dissipation for dissipative processes.
In modeling of conventional shape memory behavior the transformation strain is usually related to the
martensitic volume fraction (Boyd and Lagoudas, 1996; Lagoudas et al., 1996; Bo and Lagoudas, 1999).
Following this approach, the evolution of the reorientation strain associated with the magnetic shape memory
eﬀect is proposed to be proportional to the rate of change of the martensitic variant volume fraction
ε̇ r = Λr ξ˙ .

(20)

The reorientation strain is therefore no longer an independent internal state variable. In the equation
above Λr is the reorientation strain tensor deﬁning the direction in which the reorientation strain develops
based on the direction of the applied magnetic ﬁeld. It can in general be a function of the applied stress. An
explicit form of the tensor will be given in Section 4.1 for a speciﬁc example. For the special case of constant
Λr expression (20) can be integrated to yield the reorientation strain, so that the total strain, according to
(2) and (15b), is then given by
ε = Sσ + Λr ξ + ε̄ tr .

(21)

If Λr is not constant, i. e. if the applied stress is not constant, equation (20) has to be used incrementally
(Qidwai and Lagoudas, 2000a).
If one further deﬁnes the total thermodynamic driving force for the twin boundary motion associated
with the variant reorientation process as
π ξ := σ eff : Λr − ρ

∂G
= π̃ r : Λr + π̃ ξ ,
∂ξ

(22)

the Clausius-Duhem inequality (19), by utilizing equations (16) and (20), can ﬁnally be written as
π ξ ξ˙ + π α α̇ ≥ 0 .

(23)

From this form of the inequality it is evident that the driving forces π and π are thermodynamically
conjugate to the internal state variables ξ and α, respectively. It is assumed that the dissipative processes
associated with the motion of twin boundaries and the motion of magnetic domain walls are decoupled, so
that both terms of the left hand side of (23) need to satisfy the inequality separately.
ξ

α

We can then proceed to deﬁne a reorientation function in terms of the thermodynamic driving force π ξ as

 π ξ − Y ξ , ξ˙ > 0
ξ
,
(24)
Φ (σ, H, ξ, α) =
 −π ξ − Y ξ , ξ˙ < 0
where the dependence on the rotation angles θj is assumed to have been eliminated by using the constraints
(12). The proposed reorientation function is similar to transformation functions used in the modeling of
rate independent phenomenological modeling of conventional shape memory behavior (Lagoudas et al.,
1996; Qidwai and Lagoudas, 2000a). This function deﬁnes the extent of the elastic domain in the space of
independent state variables, or conversely, critical values of the thermodynamic driving force for the start
and ﬁnish of the reorientation process. The positive scalar quantity Y ξ is physically related to internal
dissipation associated with twin boundary motion. It is assumed that the reorientation process is subject to
constraints derived from a principle of maximum reorientation dissipation, which can be expressed in terms
of the Kuhn-Tucker or reorientation conditions
ξ

ξ
Φ ξ˙ = 0 ,

ξ

ξ
Φ ξ˙ = 0 .

ξ˙ ≥ 0,

Φ (σ, H, ξ, α) ≤ 0,

ξ˙ ≤ 0,

Φ (σ, H, ξ, α) ≤ 0,

(25)
Note that in the elastic regime where Φ ξ < 0 conditions (25) require ξ˙ = 0. The forward reorientation process is characterized by Φ ξ = 0 and ξ˙ > 0, whereas for the reverse process the conditions Φ ξ = 0 and ξ˙ < 0
hold. Since the thermodynamic driving force π ξ , and therefore the reorientation function Φ ξ , contain the
hardening function f ξ , the reorientation conditions (25) depend on the martensitic variant volume fraction
and thereby on the loading history.
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In an analogous manner one can postulate a function associated with the magnetic domain wall motion

π α − Y α , α̇ > 0
α
Φ (σ, H, ξ, α) =
.
(26)
−π α − Y α , α̇ < 0
The conditions governing the activation of the magnetic domain wall motion process are then given by

4
4.1

α

Φ α̇ = 0 ,

α

Φ α̇ = 0 .

α̇ ≥ 0,

Φ (σ, H, ξ, α) ≤ 0,

α̇ ≤ 0,

Φ (σ, H, ξ, α) ≤ 0,

α

α

(27)

Application of the MSMA Constitutive Model
Reduction of the model equations for a 2-D special case

In the derivation of the constitutive model for MSMA in Section 3.2 the incorporation of the magnetic domain
wall motion and the magnetization rotation have been discussed in detail. For the sake of simplicity, two
assumptions are made for the special numerical example to be considered here. First, this case is restricted
to the modeling of the variant reorientation process with a ﬁxed magnetic domain structure of α = 1 (for
|H| > 0). Thus one magnetic domain is eliminated completely at the expense of the more favorably oriented
domain, and magnetic domain walls are therefore not present.

special case: α = 1

σxx

σxx
application of magnetic ﬁeld

σxx

σxx
Hy
increase of magnetic ﬁeld

σxx

σxx
Hy

y, [010]
x, [100]

Figure 9: The variant reorientation process with ﬁxed domain structure α = 1.
The assumption of single domain conﬁgurations has often been made in the literature, and has in
fact been supported by reported observations that after the application of relatively low magnetic ﬁelds
◦
(H > 100Oe = 7.9 kAm−1 ), 180 -domain walls are essentially eliminated (Tickle, 2000; O’Handley et al.,
2003). The second assumption to restrict this numerical example is that of inﬁnite magnetic anisotropy,
which also has quite often been used in the literature. This inhibits the rotation of the magnetization
vectors with respect to the magnetic easy axes. As will be evident from the numerical results, this assumption yields good predictions if one is only interested in the nonlinear strain response, not the prediction of
magnetization curves. A more complex example, in which the rotation of magnetization is permitted, has
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recently been studied in Kiefer and Lagoudas (2005), to which the reader is referred for more details on the
implications of magnetization rotation, in particular on the predictability of the magnetization hysteresis
curves.
The implication of the assumptions made for the special case of concern here is that changes of the
magnetization are due only to the redistribution of martensitic variants. The assumed nature of the magnetic
and crystallographic microstructure is schematically illustrated in Figure 9, which represents a modiﬁcation
of Figure 2 for the case of ﬁxed magnetic microstructure. Recall that this 2-D set up, which illustrates the
magnetic shape memory eﬀect, has been discussed in Section 2.1.
In the case of α = 1 and θi = 0 the free energy expression (14) reduces to
G=−



µ
1
1 ξ
sat
σ : Sσ − 0 M
(1 − ξ)ex + ξey ·H + f (ξ, ε r ) + G0 (T ) .
2ρ
ρ
ρ

(28)

The constitutive equations for the dependent state variables (15), and the thermodynamic driving force for
twin boundary motion (22), using (16a,b), reduce to
s=−

∂G
∂G
= − 0 = const ,
∂T
∂T

ε te = −ρ
M=−

∂G
= Sσ ,
∂σ



ρ ∂G
sat
(1 − ξ)ex + ξey ,
=M
µ0 ∂H

π ξ = σ eff : Λr − ρ

(29)

∂G
1
∂f ξ
sat
= σ eff : Λr + σ : ∆Sσ − µ0 M [Hx − Hy ] −
.
∂ξ
2
∂ξ

Expression (16c), the driving force associated with domain wall motion, has been omitted, since the magnetic
microstructure can not evolve in the considered case. Since the local magnetization rotations are assumed
to be inhibited, the dependence of the free energy on the rotation angles is eliminated and the associated
driving forces (16d)-(16g) are equivalently equal to zero.
Recall that in the considered 2-D example the specimen is biased into a single variant 1 state by applying
an axial stress, which is kept constant. An external, transverse magnetic ﬁeld is used to favor martensitic
2, in which the magnetization is oriented along the transverse y-axis. The diﬀerence in crystallographic
dimensions of the two variants results in the observed axial reorientation strain.
The material response is considered at a material point in a region of the specimen in which the measured
ﬁelds are homogeneous. The stress state σ is then reasonably assumed to be uniaxial, i. e.


σ 0 0
(30)
[σ]ij =  0 0 0  , with σ = const < 0 and σ sv < |σ| < σ b .
0 0 0
The magnetic ﬁeld H has the components



0
0 → H max (forward)


[H]i = H , H ≥ 0 ; magnetic loading sequence: H =
H max → 0 (reverse) .
0

(31)

Recall that H is the magnetic ﬁeld considered at the material point, which is reduced in magnitude compared
to the externally applied ﬁeld by the magnitude of the demagnetization ﬁeld.
The reorientation strain is observed to develop in the axial direction, and is in the considered case of the
explicit form


1
0 0
r
(32)
[Λ ]ij = ε r,max (σ)  0 −1 0  .
0
0 0
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The reorientation strain does work against the biasing stress, which inﬂuences the stored energy in the
system. This is reﬂected in the ﬁrst term of the driving force for twin boundary motion, equation (22), which
in the simpliﬁed case reduces to
(33)
σ eff : Λr = σε r,max ,
where it has been assumed that the hardening function (13), which is associated with the twin boundary
motion in the variant reorientation process and therefore the Gibbs free energy, does not explicitly depend
on the reorientation strain, so that in this case σ eff = σ.
With the simpliﬁcations (30), (31) and (33) the Gibbs free energy expression (28) and the driving force
for variant reorientation (29d) reduce to the following expressions
G=−

µ
1
1
sat
Sσ 2 − 0 M ξH + f ξ (ξ, ε r ) + G0 (T ) ,
2ρ
ρ
ρ

π = σε
ξ

r,max

(34)

1
∂f ξ
sat
,
+ ∆Sσ 2 + µ0 M H −
2
∂ξ

for this special case, where S is the simpliﬁed notation for the component [S]xxxx .
To complete the formulation of the constitutive model, the generically introduced hardening function
(13) needs to be speciﬁed. Several types of hardening functions have been presented in the literature in the
context of martensitic phase transformation of conventional shape memory alloys, such as the exponential
hardening model (Tanaka, 1986; Sato and Tanaka, 1988), the polynomial hardening model (Lagoudas et al.,
1996; Boyd and Lagoudas, 1996), and the trigonometric hardening model (Liang and Rogers, 1990; Lagoudas
et al., 1996). The exponential hardening function is related to the nucleation process of martensite and was
actually the ﬁrst model introduced in the literature. The polynomial function is motivated by a series expansion of the free energy. The trigonometric hardening model has been introduced to better match results with
experimental observations, which has been shown to yield good agreement between experimental results and
model predictions in conventional SMAs.
The polynomial and the trigonometric hardening functions are adapted here in the context of the variant
reorientation process. The reduced constitutive equations are utilized in the derivation of explicit evolution
equations for the martensitic variant volume fraction, for two speciﬁc forms of the hardening function (13).
4.1.1

Evolution of the martensitic variant volume fraction: Quadratic polynomial hardening
model

The quadratic polynomial hardening function associated with the variant reorientation process is given by

 12 A p ξ 2 + (B1p + B2p )ξ , ξ˙ > 0
ξ,p
,
(35)
f (ξ) =
 1 C p ξ 2 + (B p − B p )ξ , ξ˙ < 0
1
2
2
which yields
∂f
∂ξ

ξ,p

=


 A p ξ + B1p + B2p ,

ξ˙ > 0

 C pξ + B p − B p ,
1
2

ξ˙ < 0

,

(36)

where A p , B1p , B2p and C p are adjustable parameters of the quadratic polynomial hardening function. It will
be shown in Section 4.2, how they can be connected to physically more meaningful and measurable quantities.
With the expression for the driving force given by (34b) and the derivative of the quadratic polynomial
hardening function given by (36), it follows for the forward reorientation process, which is subject to the
reorientation function (24) and the reorientation conditions (25):
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reorientation 1 → 2 (ξ˙ > 0):
1
sat
p
p
p
ξ,p
π ξ = σε r,max + ∆Sσ 2 + µ0 M H − A ξ − B1 − B2 = Y
.
2

(37)

Because of the scalar nature of the internal variable ξ equation (37) can be solved directly to give the
closed-form solution for the evolution of the variant 2 volume fraction


1
1
(1,2)
sat
p
p
ξ,p
r,max
2
ξ
= p σε
+ ∆Sσ + µ0 M H − B1 − B2 − Y
.
(38)
A
2
Similarly, for the reverse reorientation process one ﬁnds:
reorientation 2 → 1 (ξ˙ < 0):
1
sat
p
p
ξ,p
,
π ξ = σε r,max + ∆Sσ 2 + µ0 M H − Cξ − B1 + B2 = −Y
2

(39)

and the evolution of the volume fraction is thus given by


1
1
(2,1)
sat
p
p
ξ,p
ξ
= p σε r,max + ∆Sσ 2 + µ0 M H − B1 + B2 + Y
.
C
2
4.1.2

(40)

Evolution of the martensitic variant volume fraction: Trigonometric hardening model

The trigonometric hardening function is of the form
  ξ

c
c
c


−A π − cos−1 (2ξ˜ − 1) dξ˜ + (B1 + B2 )ξ , ξ˙ > 0

0
f ξ,c (ξ) =
 ξ


c
c
c


−C π − cos−1 (2ξ˜ − 1) dξ˜ + (B1 − B2 )ξ , ξ˙ < 0

,

(41)

0


 −A c π − cos−1 (2ξ − 1) + (B1c + B2c ) ,
∂f ξ,c
=

∂ξ
−C c π − cos−1 (2ξ − 1) + (B1c − B2c ) ,

and thus

ξ˙ > 0
ξ˙ < 0

,

(42)

Using (34b) in combination with the derivative of the trigonometric hardening function (42) and the
reorientation function (24) and reorientation conditions (25), one ﬁnds for the forward reorientation process:
reorientation 1 → 2 (ξ˙ > 0):
1
sat
c
c
c
ξ,c
π ξ = σε r,max + ∆Sσ 2 + µ0 M H + A π − cos−1 (2ξ − 1) − B1 − B2 = Y .
2

(43)

The closed-form solution for the evolution of the variant volume fraction for the trigonometric hardening
model is derived to be




1
1
1
1
(1,2)
sat
c
c
ξ,c
r,max
2
(44)
ξ
= cos − c − σε
− ∆Sσ − µ0 M H + B1 + B2 + Y
+π + .
2
A
2
2
For the reverse reorientation process it follows:
reorientation 2 → 1 (ξ˙ < 0):
1
sat
c
c
c
ξ,c
π ξ = σε r,max + ∆Sσ 2 + µ0 M H + C π − cos−1 (2ξ − 1) − B1 + B2 = −Y .
2
and thus
ξ

(2,1)

1
= cos
2






1
1
1
sat
c
c
ξ,c
r,max
2
− c − σε
− ∆Sσ − µ0 M H + B1 − B2 − Y
+π + .
C
2
2
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(45)

(46)

4.2

Determination of model parameters

Four hardening parameters A, C, B1 and B2 as well as the critical value for the driving force Y ξ have
been introduced for each of the two hardening models. These model parameters can more conveniently be
expressed in terms of the measurable magnetic ﬁeld values H s(1,2) (σ ∗ ), H f(1,2) (σ ∗ ), H s(2,1) (σ ∗ ) and H f(2,1) (σ ∗ ),
which correspond to the onset and termination of the forward and reverse reorientation process (cf. Figure
3), and are considered material constants. These ﬁve parameters are directly obtained by the acquisition of
data from a single constant-stress hysteresis loop at the arbitrary stress level σ ∗ , where σ sv < σ ∗ < σ b .
To be more speciﬁc, in order to determine the necessary model parameters, an experimentally measured
strain vs. magnetic ﬁeld hysteresis loop, such as the ones qualitatively shown in Figure 3, is needed. Data
corresponding to reorientation experiments of this type have been published in the literature (Tickle et al.,
1999; Tickle, 2000). The procedure is to choose one particular curve from which the parameters are to be
determined. Then, the respective magnetic ﬁeld values for the activation of the reorientation process need
to be estimated from this curve. Tangent lines to diﬀerent points of the hysteresis loop can be used for a
methodical procedure of ﬁnding these magnetic ﬁeld strength values. The remaining input is the value of
the blocking stress and the dependence of the maximum reorientation strain ε r,max on the applied bias stress,
for the tested MSMA material.
Polynomial Hardening Model

Trigonometric (Cosine) Hardening Model



A p = µ0 M sat H f(1,2) (σ ∗ ) − H s(1,2) (σ ∗ )


B1p = 12 µ0 M sat H s(1,2) (σ ∗ ) + H f(2,1) (σ ∗ )




H s(1,2) (σ ∗ ) − H f(1,2) (σ ∗ )


B1c = 12 µ0 M sat H s(1,2) (σ ∗ ) + H f(2,1) (σ ∗ )
Ac =

+σ ∗ ε r,max (σ ∗ )


B2p = 14 C p − A p


C p = µ0 M sat H s(2,1) (σ ∗ ) − H f(2,1) (σ ∗ )


Y ξ,p = 12 µ0 M sat H s(1,2) (σ ∗ ) − H f(2,1) (σ ∗ ) − B2p

µ0 M
π

sat

+σ ∗ ε r,max (σ ∗ )


B2c = π4 A c − C c
sat 

H f(2,1) (σ ∗ ) − H s(2,1) (σ ∗ )
C c = µ0 M
π


Y ξ,c = 12 µ0 M sat H s(1,2) (σ ∗ ) − H f(2,1) (σ ∗ ) − B2c

Table 1: Relation between material constants and model parameters in the cases of polynomial and trigonometric hardening.
The model parameters are then obtained by using the speciﬁc relations to the measured quantities listed
in Table 1. These relations have been derived by using the reduced expressions for the driving force during
reorientation (37) and (39), for the quadratic polynomial hardening model, as well as (43) and (45), for
the trigonometric hardening case. For example, the activation of the forward reorientation process with
polynomial hardening is described by equation (37) when substituting ξ = 0. The resulting expression can
be solved for a relation of type H(σ). For the speciﬁc stress level σ ∗ , corresponding to the curve by which
the parameters are adjusted, the equation H(σ ∗ , ξ = 0) = H s(1,2) (σ ∗ ) must hold. This results in the ﬁrst
relation between the hardening parameters and the measured quantities. Three more conditions of this kind
follow from the driving force expressions by substituting the values of ξ = 0 and ξ = 1, respectively. The ﬁnal
relation needed to determine the ﬁve independent model parameters stems from the condition of continuity
of the hardening functions (35) and (41) at ξ = 1, at which the sign of the evolution rate ξ˙ changes for the
forward and reverse reorientation process.

4.3

Numerical results

A numerical example is now presented for the considered special case in which the magnetic shape memory
eﬀect is induced in a stress biased NiMnGa single crystal specimen under the application of an external
magnetic ﬁeld. The reduced equations for the MSMA constitutive model have been presented in Section 4.1.
The model parameters have been determined by utilizing the procedure outlined in the previous subsection
4.2, based on experimental data published by Tickle (2000) for the considered Ni2 MnGa magnetic shape
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memory alloy single crystals.3 They are listed in Table 2, for both hardening functions. The magnetic
ﬁeld threshold values for the reorientation process have been obtained from data corresponding to a strainmagnetic ﬁeld hysteresis loop under a biasing stress of −1.0 MPa.4 The model parameters for the polynomial
and the trigonometric hardening functions have been determined using the relations introduced in Table 1.
Quantitiy

Value (unit)

ρ

8300.0 kg m−3

α

1.0/0.0

σ

Ap

p

H s(1,2) (σ ∗ )

238.8 kAm−1

H f(1,2) (σ ∗ )

1250.0 kAm−1

H
H

f(2,1)

(σ )
∗

(σ )

(−3 MPa)

0.0133

ε

r,max

(−5 MPa)

0.0034

ε

r,max

(−7 MPa)

0.00035

σ

Ac
c

15.9 kAm

ε

ξ,p

0.298493 MPa
0.209933 MPa

Trigonometric Hardening Model

−1

r,max

(−1 MPa)

Y

398.0 kAm

ε

b

C

−1

r,max

−0.122872 MPa

B2

−1.0 MPa

∗

0.078018 MPa

p

−1

622.0 kAm

∗

0.789982 MPa

B1

−2

1.256 µNA

sat

s(2,1)

p

0.0 Pa

µ0

Value (unit)

Polynomial Hardening Model

−1

∆S
M

Parameter

B1

0.078018 MPa

c

B2

−0.122872 MPa

c

−0.095013 MPa

C

0.02148

−0.251459 MPa

Y

ξ,c

0.209933 MPa

−8 MPa

Table 2: Material constants for a Ni2 MnGa specimen and the resulting model parameters for both hardening
functions.
The remaining input to the model is the stress dependence of the maximum reorientation strain. Recall
that the maximum reorientation strain values for diﬀerent bias stress levels are reﬂected in the variation of
hysteresis loop sizes, as qualitatively illustrated by Figure 3. Figure 10 shows experimental ε r,max (σ)-data
(diamonds) as published in Tickle (2000) for certain stress levels, whose numerical values have also been
listed in Table 2. Based on these data points a polynomial curve-ﬁt has been calculated, represented by the
solid line in Figure 10, whose explicit functional form is given by

−(0.387798·10−28 )σ 4 − (0.799018·10−21 )σ 3 − (0.515693·10−14 )σ 2



 −(0.770170·10−8 )σ + 0.018175
, σb ≤ σ ≤ 0
. (47)
ε r,max (σ) =

b

0
,
σ
<
σ


3 Recall that the experimentally measured strain vs. applied magnetic ﬁeld curves can not be interpreted as the constitutive
response of the MSMA material, since the applied magnetic ﬁeld depends on the specimen geometry through the demagnetization
factor. In order to extract the constitutive response from experimental data, one has to compute the corresponding strain vs.
internal magnetic ﬁeld curves by subtracting demagnetization ﬁeld from the applied ﬁeld. However, since the demagnetizing
ﬁeld depends on the magnetization, the corresponding magnetization curves need to be considered simultaneously. The matter
is complicated by the fact that the measured magnetization curves are themselves given in terms of the applied magnetic ﬁeld,
not the internal magnetic at a speciﬁc material point. Since not all of the necessary data needed to extract these curves is
provided in Tickle (2000), the parameters for this numerical application example are determined based on the measured strain
vs. applied magnetic ﬁeld curves, which in this case are just interpreted as the constitutive response. This assumption only
limits the predictability of quantitative data for this speciﬁc experiment, the procedure is, however, suﬃcient to illustrate the
applicability and validity of the proposed constitutive model as well as the presented method of determining model parameters.
4 Throughout this paper SI-units are used. However, the CGS-unit system is more commonly used in the literature on magnetic materials. For the magnetic ﬁeld strength the conversion factor 1 Oe =
ˆ 79.6 Am−1 applies (Cullity, 1972). Despite being
of same unit as the magnetic ﬁeld strength in the SI-unit system, emu cm−3 is the commonly used unit for the magnetization
−1 .
in the CGS-system. The corresponding conversion factors are given by: 1 emu cm−3 =
ˆ 12.57 · 10−4 T and 1 T =
ˆ µ−1
0 Am
For example, the following material constants, as speciﬁed in Table 2, are converted to CGS-units as: H s(1,2) = 3460 Oe and
M sat = 75 emu g−1 .
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The decline of the maximum reorientation strain exhibited by this particular polynomial ﬁt at applied
stress levels in the range of σ ∗ ≤ σ ≤ 0, for which no data points are available in (Tickle, 2000), is considered
physically reasonable as it is observed in similar experiments (Karaman, 2004).

σ∗

ε max

[·]

0.02

0.015

0.01

0.005

σb
–8e+06

–6e+06

–4e+06

σ

–2e+06

0

[MPa]

Figure 10: Stress dependence of the maximum magnetically induced reorientation strain. Shown are experimental data (Tickle, 2000) corresponding to diﬀerent bias stress values (diamonds), and the approximated
functional dependence used in the numerical example (solid line).
Note that this is the only instance in the procedure of applying the model to this speciﬁc example in which
actual curve-ﬁtting is utilized. This is done to accurately introduce the maximum reorientation strain as
input to the model. With the phenomenological approach taken in this paper, the maximum transformation
strain can not be predicted. A model intended to make such predictions has to include the analysis of the
reorientation process at smaller length scales and account for the martensitic microstructure, for example,
by considering the kinematics of twinning and detwinning in MSMA martensite.
With the set of model parameters speciﬁed, the stress dependent reorientation conditions can be graphically interpreted in terms of a phase diagram in axial stress-transverse magnetic ﬁeld-space as seen in Figure
11. The depicted curves indicate the onset and termination of the forward, H s(1,2) (σxx ) and H f(1,2) (σxx ), as
well as the reverse, H s(2,1) (σxx ) and H f(2,1) (σxx ), reorientation process, respectively.
Recall that, as explained in Section 4.2 in the context of determining model parameters, the explicit
expressions of type Hy (σxx ), by which the phase diagram is constructed, can be derived from the reduced
reorientation conditions (37) and (39), for polynomial hardening, or (43) and (45), for the trigonometric
hardening model by substituting the volume fractions of ξ = 0 and ξ = 1, respectively. In a full magnetic ﬁeld
cycle at a constant biasing stress of σ ∗ , the reorientation start and ﬁnish lines are crossed at the characteristic
values H s(1,2) (σ ∗ ), H f(1,2) (σ ∗ ), H s(2,1) (σ ∗ ) and H f(2,1) (σ ∗ ), indicated by (×)-symbols in Figure 11, which represent the data used in determining the model parameters (cf. Table 1 and Table 2). The shape and spacing
of the reorientation start and ﬁnish surfaces is directly related to the parameters introduced with the hardening function (35), in the case of polynomial hardening, and (41), for the trigonometric hardening function,
and is inﬂuenced by the stress dependence of the maximum reorientation strain (47). Corresponding phase
diagrams in stress-temperature space have traditionally been utilized in the modeling of conventional shape
memory alloys (Lagoudas et al., 1996; Qidwai and Lagoudas, 2000a). Phase diagrams similar to the one
presented in Figure 11 have been constructed in the literature (Tickle et al., 1999). Phase diagrams have also
been utilized in the discussion of the inﬂuence of magnetic ﬁelds on the martensitic phase transformation in
magnetic shape memory alloys (Liang et al., 2002).
The slopes of the reorientation activation lines in the phase diagram can be expressed in the form of a
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Figure 11: Numerical phase diagram for the variant reorientation process in the Ni2 MnGa alloy speciﬁed
in Table 2. Displayed are the reorientation start and ﬁnish surfaces for the forward and reverse direction,
respectively.
Clausius-Clapeyron type relation, which is deduced from equation (34b), as
µ M sat
dσ
= − r,max 0 d ε r,max .
dH
ε
+ σ dσ

(48)

Note that the model predicts a coupling between the stress dependence of the maximum reorientation strain
and the slopes of the reorientation start and ﬁnish lines in the phase diagram. This is evident in the vertical
slopes exhibited by the reorientation lines corresponding to stress levels at which the denominator of equation
(48) vanishes. This occurs when i) both terms in the denominator balance each other or ii) both terms are
zero. The latter case coincides with the blocking stress if the slope of ε r,max (σ) also vanishes there. Initially,
at low applied stress levels, the activation lines follow the straight lines predicted by Tickle et al. (1999),
whose expression for the slope, translated into the notation used in this paper, is given by
sat

µ M
dσ
= − 0r,max .
dH
ε

(49)

However, on account of the considered stress dependence of the maximum reorientation strain, reﬂected in
r,max
the term σ d εdσ of the slope expression (48), a deviation from the straight lines is predicted by the presented
model. It is actually observed in the considered experimental data (Tickle, 2000) that the magnetic ﬁeld
threshold values for the reorientation process do not vary linearly with the applied stress. The experimental
activation curves are much better reﬂected by the predicted phase diagram of Figure 11.
Figure 12 shows a plot of the numerical strain vs. magnetic ﬁeld response curves, such as the ones qualitatively introduced in Figure 3, based on the proposed MSMA constitutive model for both hardening laws.
Dashed curves represent numerical results with quadratic polynomial hardening, while solid curves correspond to trigonometric hardening. Note that the vertical axis displays the reorientation strain, not the total
strain, so that the depicted curves begin at a strain value of zero. Three exemplary curves for varying bias
stress levels have been computed based on the model parameters speciﬁed in Table 2. The ε-H-hysteresis
loop for the −1.0 MPa compressive axial stress represents the simulation of the curve on the basis of which
the model parameters were obtained. The remaining two loops are predictions of the constitutive response
by the model. The reduced model equations describing the evolution of the martensitic volume fraction have
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Figure 12: Axial reorientation strain vs. transverse magnetic ﬁeld for diﬀerent bias stress levels. Compared
are the polynomial (dashed lines) and trigonometric (solid lines) hardening model predictions.
been presented in (38) and (40), for polynomial hardening, and in (44) and (46), for the trigonometric hardening model. Recall that the activation of the variant reorientation process is governed by the reorientation
function (24), and is subject to the reorientation conditions (25). The evolution of the martensitic volume
fraction is connected to the reorientation strain through the relation obtained by integrating equation (20).
The hysteresis loops for negative magnetic ﬁelds (−H max ≤ H ≤ 0) have been computed based on a set
of reduced equations for the assumption of α = 0. These were derived in a procedure analogous to that
presented in Section 4.1 for the assumption α = 1. Physically this assumption means that with the application of an external magnetic ﬁeld in the opposite direction, the magnetization direction of the specimen is
instantaneously switched (i. e. Mx = M sat → −M sat , My = 0, at −H max  H < 0) by magnetic domain wall
motion.
In order to gauge the accuracy of the model predictions, Figure 13 compares the curves of the trigonometric hardening model (solid lines) to the experimental data (dashed lines) published by Tickle (2000)
on which the model parameters for this example are based. It is evident that the numerical predictions
capture the characteristic features of the macroscopic strain response related to the magnetic shape memory eﬀect reasonably well, even with the assumption of ﬁxed magnetic domain volume fractions and ﬁxed
magnetization directions made in this numerical example. Note in particular the predicted nonlinearity of
the constitutive response and the predicted stress dependence of the size and shape of the hysteresis loops.
The latter are closely connected to the computed reorientation activation surfaces depicted in the phase diagram (Figure 11), which in turn are inﬂuenced by the stress dependence of the maximum reorientation strain.
Some comments ought to be made regarding the exhibited discrepancies between the model prediction
and the experimental data. First of all, it is observed that, as expected, the trigonometric hardening function captures the nonlinear evolution of the reorientation strain exhibited by the experimental data quite
accurately, whereas the quadratic polynomial hardening model predicts a linear response in the reorientation
regions. One possibility to further improve the accuracy of the predictions is to choose higher order polynomials or even diﬀerent types of hardening functions. Due to the sparseness of experimental data the authors
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Figure 13: Comparison of the trigonometric hardening model curves (solid lines) and the experimental data
(dashed lines) reported by Tickle (2000).
decided against increasing the level of complexity of the hardening functions at this point, since other eﬀects
may need to be incorporated ﬁrst by alleviating some of the restricting assumptions made in this example.
Furthermore, it would be desirable to compare model predictions to experimental curves corresponding
to a cycle in which the maximum reorientation strain has stabilized. Recall that it is usually observed in
these experiments that the maximum reorientation strain changes in the ﬁrst cycle, but in the second and
subsequent cycles the value saturates (Karaman, 2004). It can be concluded that the considered experimental data does in fact not correspond to a stable cycle because the hysteresis curves intercept the strain axis at
positive values, indicating that the reorientation strain is not fully recovered upon removal of the magnetic
ﬁeld. The model is not designed to capture this eﬀect, but data for a stable cycle was not available at this
point.

5

Discussion

In this paper the magnetic shape memory eﬀect, as caused by the martensitic variant reorientation under
externally applied magnetic ﬁelds, has been investigated. The associated macroscopic straining and magnetization response of the MSMA material has been discussed in detail. It has been demonstrated that the
assumptions made with respect to the identiﬁcation of the underlying microstructural and micromagnetic
mechanisms causing the macroscopic material behavior, have led to a formulation which produces reasonable predictions of the strain response associated with the magnetic shape memory eﬀect. An extended
thermodynamic framework for phenomenological constitutive modeling has been presented. A speciﬁc free
energy function has been proposed with a dependence on microstructurally motivated internal state variables, namely the martensitic variant and magnetic domain volume fractions, which account for dissipative
eﬀects and loading history dependence in the model. The rotation angles between magnetic easy axes and
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the local magnetization directions have been introduced as additional internal state variables. Due to the
reversible nature of the local magnetization rotation, is has been assumed that this process does not contribute to the entropy production, which leads to the implication that the thermodynamic driving forces
associated with these internal state variables must vanish. From the free energy expression constitutive
equations have been deduced by using appropriate thermodynamic relations. Equations governing the evolution of the martensitic variant volume fraction have been derived on the basis of a reorientation function
and associated reorientation conditions, which determine the activation of the reorientation process. The
correlated nonlinear evolution of the reorientation strain has been connected to the evolution of the variant
volume fraction, where its direction is prescribed by the introduced reorientation strain tensor. Two types
of hardening functions have been utilized.
For a special case of ﬁxed magnetic domain structure and inhibited magnetization rotation, the established model has successfully been applied to predicting the magnetic shape memory eﬀect. In a numerical
example, based on data taken from the literature, strain-magnetic ﬁeld response curves have been predicted,
which exhibit all of the important features of the MSMA constitutive behavior connected to the variant
reorientation process under applied magnetic and mechanical loading. In particular, the model captures
the nonlinear and hysteretic nature of the reorientation strain response, as well as the stress dependence
of the shape and size of the hysteresis. A detailed procedure has been devised to ﬁnd the necessary model
parameters from experimental data.
In future work, extended examples will be considered which include for example the eﬀect of magnetization rotation on the strain response as well as the magnetization of MSMA materials. A constitutive model
suﬃcient to handle such cases has been presented in this paper. The model will also be employed to predict
the response to more complex loading paths. For example, the inﬂuence of magnetization rotation should
be analyzed in an extended numerical example in which this eﬀect is taken into account by utilizing the
governing model equations (16) and (18). It would also be interesting to predict the mechanical detwinning
and reorientation of MSMA martensite under constant magnetic ﬁelds, after the model parameters have
been determined from an experiment of varying magnetic ﬁeld under constant stress, such as done in this
paper. With an appropriate inelastic strain tensor, this prediction can actually be handled by the model in
its current form, a feature which illustrates that the presented formulation is not based on mere curve-ﬁtting
of available experimental data, but rather on the thermodynamically consistent derivation of constitutive
equations from an appropriate energy expression, which also takes dissipative eﬀects into account.
Note that no particular emphasis has been placed on the distinction between polycrystalline and single
crystal material behavior. This is mainly due to the nature of the magneto-mechanical loading path considered in the numerical example. For mechanical loading paths resulting in multiaxial stress states, for
example, the full elastic compliance tensor for tetragonal symmetry has to be considered for each of the
martensitic variants. The inﬂuence of the single crystalline nature of the specimen used in experiments on
constitutive modeling will be emphasized more strongly in future work.
Additional eﬀorts will also be made in order to realize a more accurate prediction of the magnetization of
the MSMA material, by investigating the evolution of the magnetic domain structure. Experimentally, this
analysis could involve techniques such as Atomic Force Microscopy (AFM) or optical methods, for example
the high resolution Interference-Contrast-Colloid (ICC) technique, as utilized by Sullivan and Chopra (2004).
At this point it is not clear to which extent the rearrangement of the magnetic microstructure actually impacts the variant reorientation process, and the problem is still the subject of discussion in the research
community. Some researchers have indicated that unfavorable magnetic domains are essentially eliminated
at relatively low magnetic ﬁelds, as compared to the relevant ﬁeld range of the experiment, (Tickle, 2000;
O’Handley et al., 2003; O’Handley, 2004), while others attribute essential importance to the inﬂuence of the
evolution of the magnetic domain structure on the variant reorientation process (Likhachev and Ullakko,
2000a; Hirsinger and Lexcellent, 2003b).
In a next step, the developed phenomenological constitutive model will be employed in solving magnetomechanical boundary value problems. Experimental data could then be interpreted more accurately by
considering the inﬂuence of specimen geometries. To this end, a proper formulation for the mechanics of
magnetic continua must be considered, which includes Maxwell’s equations, the balance laws of mass and
momentum, the laws of thermodynamics as well as their coupling through the constitutive relations, mag29

netic forces, body couples, energy source terms as well as boundary and interface conditions. An interesting
aspect may be the analysis of the inﬂuence of magnetic ﬁeld gradient induced body forces on the magnetic
shape memory eﬀect.
Ongoing experimental research, in which experiments such as those described in this paper are conducted,
is utilized to support the modeling of the magnetic shape memory eﬀect (Karaman, 2004). This work is
thereby not just restricted to the investigation of magnetically induced variant reorientation, but also the
inﬂuence of externally applied magnetic ﬁelds on the martensitic phase transformation and thus on conventional shape memory and pseudoelastic behavior of MSMA. Additional experiments are also needed to
obtain more conclusive evidence of the underlying microstructural mechanisms. Another important aspect
of ongoing experimental research is concerned with ﬁnding alloys that exhibit higher blocking stress levels.
Currently these stresses are less than 10 MPa, for the most common materials such as NiMnGa (Tickle and
James, 1999), an unsatisfactory level for high force actuator design. More recently emerged material systems,
for example CoNiAl (Karaca et al., 2003), have been investigated for the possibility of increased blocking
stresses.
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