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Abstract

Shape Memory Alloys (SMA) have recently beenconsideredfor applications where
dynamic loading is applied. An SMA body subjected to external dynamic loading
will experience large inelastic deformations that will propagate through the body
as phasetransformation fronts. The wave propagation in a cylindrical SMA rod in-
ducedby an impact loading is considered.Someapplications of this model problem
include energy absorbing and vibration damping devices.The constitutiv e model
being usedis the one by Lagoudas,Bo and Qidwai. The problem is solved numeri-
cally by an adaptive Finite Element Method (FEM) basedon the Zienkiewicz-Zhu
error estimator. A model problem featuring a ¯xed impact stressload propagating
through the rod is solved and comparedto known analytical solutions. The energy
dissipation capabilities of SMA materials are investigated for a squarepulse model
problem at various operational temperatures.We then present experimental results
for wave propagation in SMA rods. A Hopkinson bar apparatus is used to make
a uniaxial test of a NiTi specimen. Strain history records by strain gaugesplaced
at di®erent locations along the SMA rod are comparedwith numerical calculations
using the adaptive FEM technique.
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1 In tro duction

There are many areasof application which can successfullyutilize the unique
properties of SMAs. The research presented in this paper relates directly to
the design of SMA components capable of absorbing dynamic loads. Such
components can be integrated into critical parts of structures that may need
protection from impact loads. Examplesinclude joints that connect the hull
of an underwater vehicle with its internal structure, tank armor, cargo con-
tainers, etc. Another promising ¯eld of applications includes various active
or passive vibration damping devices.Many di®erent deviceshave beenpro-
posed among which SMA elements (Yiu and Regelbrugge,1995; Graesser,
1995),wires (Thomson et al., 1995;Fosdick and Ketema, 1998)or rods (Feng
and Li, 1996).In a recent paper (Lagoudaset al., 2001)the authors investigate
numerically the vibration damping capabilities of genericSMA components.
A relatedstudy (Mayesand Lagoudas,2001)demonstratesexperimentally the
feasibility of devicescomposedof NiTi SMA tubes.

Shape Memory Alloys area classof materials that changetheir internal struc-
ture due to changesin temperature and/or externally applied loads.At high
temperaturesand low stresslevels the crystal lattice is in the high symmetry
austenite phase(A). At low temperatures or high stresslevels the material
exists in a low symmetry martensite phase(M). The phasetransition is di®u-
sionlessand is characterizedby sheardeformationsof entire regionsinside the
material (Wayman, 1983). What makes SMA materials remarkably di®erent
from ordinary metals is the shape memory e®ect and the e®ectof pseudoelas-
ticity which are associated with the speci¯c way the phasetransition occurs
(Funakubo, 1987). The shape memory e®ect allows material which has been
deformedwhile in the martensitic phaseto recover its shape upon heating.
The mechanism behind this behavior is the abilit y of SMAs to allow detwin-
ning of the self-accomodated martensitic variants. The pseudelasticityin SMA
is their abilit y to support large recoverableinelastic strains. The primary way
in which such strains are created is the stressinduced phasetransition from
austeniteto martensite.The deformationsare recoveredupon unloading.The
pseudoelasticresponseprovidesboth energydissipationcapabilitiesand shape
recovery while utilizing the shape memory e®ectleads to dissipation of me-
chanical energybut the SMA component/structure has to be then reheated
to recover its shape.

Several constitutive modelshave beendeveloped in recent yearsto model the
shapememorye®ectand pseudoelasticity of polycrystalline SMAs.Among the
most widely acceptedrate independent modelsare the exponential (Tanaka,
1986),cosine(Liang and Rogers,1990)and polynomial (Boyd and Lagoudas,
1996).Any of thesemodelscan be uni¯ed in the framework of a constitutive
model (Lagoudaset al., 1996;Boyd and Lagoudas,1994)basedon the selec-
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tion of appropriate thermodynamic potentials. It has beenshown there that
these three models can be obtained by speci¯c selectionfor the form of the
Gibbs free energy. The constitutive model is extendedin (Bo and Lagoudas,
1999a,b,c,d)to incorporate plastic deformationsand to account for the evolu-
tion of the internal state variablesduring cyclic loading. In the model proposed
by (Brinson, 1993;Brinson andLammering,1993)the martensitic volumefrac-
tion is subdivided in two parts to account for thermally and stressinduced
phase transformation. A di®erent approach is taken in (Abeyaratne et al.,
1993,1994;Abeyaratne and Knowles, 1993) where the possibility for soften-
ing during phasetransformation is considered.The model is rate dependent
and the hysteresisis modelled by an N shaped trilinear stress-straincurve.
Other authors such as (Patoor et al., 1996; Siderey et al., 1999; Sun and
Hwang, 1993a,b)usemicromechanical techniquesto averagethe responseof
singlecrystal martensitic variants and obtain a model for the macroscopicbe-
havior of polycrystalline SMAs. For further details on SMA modelsthe reader
is referred to the review paper (Birman, 1996). In this paper we choseto use
the uni¯ed approach (Lagoudaset al., 1996),which canaccommodate the rate
independent constitutive models for SMAs.

Classical rate-independent plasticity theory is not su±cient to describe the
behavior of SMA materials. While it cannot model properly the pseudoelastic
responseit is still capableof partially 1 predicting the shape memory e®ect.
Theoretical developments on elasto-plasticwave propagation in long slender
rods dates back to the works of Von Karman (1942), Rakhmatulin (1945)
and Taylor (1958). Extensive experiments on elasto-plasticwave propagation
have been carried out by Bell (1962); Chiddister and Malvern (1963); Kol-
sky (1949); Clifton and Bodner (1966); Bodner and Clifton (1967) using a
split-Hopkinsonbar apparatus.The technique itself wasintroducedby Kolsky
(1949). The reader is referred to classicaltexts on wave propagation such as
(Kolsky, 1963;Gra®, 1975) for additional information. In recent years there
have beenextensionsto the Hopkinsontechnique (Nemat-Nasseret al., 1991)
that allow for dynamic test recovery in both tension and compression.

Abeyaratneand Knowles(1991)studied the dynamicsof phasetransformation
in piecewiselinear elastic materials with non-monotonehysteresis.A unique
solution wasobtained with the useof a kinetic relation controlling the rate of
the phasetransformation together with a nucleation condition for the initia-
tion of the transformation to rendera unique.The sameauthorsextendedtheir
analysisin (Abeyaratne and Knowles,1994a,b)to account for thermal e®ects.
In a generalsetting Pence(1986) consideredwave propagating in a nonlin-
ear elastic bar with a non-monotonicstress-strainrelationship subjected to a
monotonically increasingload. It was found that for su±ciently high loads a
strain discontinuity associated with phasetransformation is being created.

1 without the strain recovery upon heating
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In a recent paper (Chen and Lagoudas,2000)the rate independent model for
polycrystalline SMAs (Lagoudaset al., 1996) is employed to obtain solutions
to the coupledthermomechanical problem for SMA materials with monotone
hardeningbehavior. The authors take into account the latent heat generation
and assumingadiabatic conditions they solve the problem by the method of
characteristics together with jump conditions that yield unique solutions. A
similar study (Bekker et al., 2002),but for di®erent constitutivemodels(linear
and cubic) hasbeencarried out for both isothermal and adiabatic conditions.

The complex nature of most constitutive laws for SMA materials however
makesdirect integration of even the simplestuniaxial transient initial bound-
ary value problems(IBVP) very complicated.Closedform solutions can usu-
ally be obtained if certain simpli¯cations in the model beingusedareassumed
e.g. constant material properties independent of the amount of phasetrans-
formation (Bekker et al., 2002). Numerical attempts to solve this problem
usually employ Finite Di®erence(FD) schemes.Extensive numerical treat-
ment of the shock loading problem for SMA rods by ¯nite di®erencescheme
has beendone by (Jimenez-Vicktory, 1999). In this study it was shown that
explicit FD schemeseither introduce too much numerical dissipation which
pollutes the solution or arti¯cial viscosity techniqueshave to be usedin order
to removeoscillationsnearshock discontinuities in the numericalsolution. In a
di®erent setting, (Oberaigneret al., 1996)investigatesnumerically the coupled
problem of wave propagation and heat transfer in an SMA rod. The authors
focuson stresspulsesof low magnitude that causesonly elasticdeformations.
The temperature at oneend of the SMA rod is chosendynamically in a such
a way as to utilize the phasechangedue to the shape memory e®ectin order
to maximize the damping of the rod.

There has beenlimited amount of experimental work doneon characterizing
the dynamic responseof SMAs. An experimental study on the propagationof
shearwaves in singlecrystal Cu-Al-Ni shape memory alloy has beendone in
(Escobarand Clifton, 1993).Phasetransition shock werenot observeddirectly
due to their low propagation speed. Instead, their presenceis inferred from
the measurements of the elastic waves at the rear end of the specimen.An
analytical attempt to model these experiments is presented in Abeyaratne
and Knowles (1997).

The main focus of this paper is the the one-dimensionaldynamic problem of
loading an SMA rod under conditions of pseudoelasticity and shape memory
e®ect.We present an experiment on the wave propagation in a NiTi SMA
rod performedin a Hopkinsonbar apparatus.The results are comparedwith
a FEM computational simulation. We utilize adaptive meshing techniques
basedon the Zienkiewicz-Zhu error estimator (Zienkiewicz,1987) in order to
improve the accuracyof the method and decreasecomputational time. The
pseudoelastic e®ectin SMAs can be activated after special conditioning, e.g.
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marformung. Without such preparation specimenswill exhibit either simple
plastic or/and detwinning transformations. There are substantial di±culties
in properly conditioning long NiTi rods in order to activate the pseudoelastic
e®ect.In addition therearealsoproblemscon¯guring an experimental setupin
order to test at elevated temperaturesrequiredto havepseudoelasticresponse.
The experiment presented in this paper is doneunder detwinning conditions.

We begin the discussionwith a brief overview in Section2 of the constitutive
laws, ¯eld equationsand boundary conditions de¯ning our problem. Then, in
Section3.1we outline the implementation of the FEM for the NiTi SMA. The
adaptive strategy is presented in Section3.2. In order to verify the implemen-
tation of the adaptive FEM in Section4.1 we solve a boundary value problem
with a step-function boundary condition for which there are existing analyt-
ical solutions in the literature. Then, in Section4.2 we study a squarepulse
model for two di®erent thermomechanical paths and give expectedvaluesfor
energydissipationasthe pulsepropagatesthrough the rod. Section5 describes
the Hopkinsonbar experiment and discussesthe dynamic characterization of
SMA materials. Finally, in Section6 we usethe numerical schemesdeveloped
in this paper to simulate the experimental results.

2 Field equations, boundary conditions and constitutiv e law for
the impact problem of SMA ro ds

We considera thin cylindrical rod of constant cross-sectionand length L. We
associate with it a coordinate systemwith the origin being placedat the left
end of the rod and the Ox axis directed along the rod. The material points of
the rod occupy the interval ­ = f x 2 Rj0 < x < Lg, wherex is the material
or Lagrangian coordinate. The rod is initially stressfree and is at rest. It is
then subjectedto an impact load at its left end(x = 0). The right end(x = L)
remainsstressfree.The ¯eld equationsand boundary conditionsarepresented
next.

2.1 Field equations

The rod is assumedto be long enoughso the stress¾(x; t) is uniaxial and
along with all other ¯eld variablesdepend only axial position and time. The
axial component of the displacement i denotedby u(x; t). We further assume
linearized strain so the axial component of the strain "(x; t) is related to the
displacement by "(x; t) = ux (x; t). Finally, the density of the material ½is
assumedconstant. The balance of linear momentum and energy then read
(Gra®, 1975;Malvern, 1977):
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½utt = ¾x (1)

½(U +
1
2

(ut )2)t = (ut¾¡ q)x (2)

whereT(x; t) is the temperature, U(x; t) the internal energyper unit volume
and q(x; t) is the heat °ux in the positive x direction. We shall considertwo
di®erent typesof boundary value problemsdependingon the di®erencein the
transformation behavior of the SMA materials.

The timescaleof the impact problem is on the order of micro- to milliseconds.
Such time-intervals are too short for heat conduction to take place as well
as for convection to remove heat trough the lateral surfaceof the rod. The
physically meaningful initial-b oundary value problems are either isothermal
or adiabatic. The ¯rst is used if no signi¯cant heat is generatedduring the
impact while the adiabatic problem is usedotherwise.

The isothermalinitial-b oundary valueproblemis obtainedfrom the ¯eld equa-
tions whenwe set constant temperature T(x; t) = T0 throughout the rod. The
balanceof energyis identically satis¯ed and only the equation of motion (1)
is considered.The initial conditions indicate that the rod is at rest:

uj t=0 = 0; ut j t=0 = 0; ¾j t=0 = 0 (3)

The boundary conditions

¾jx=0 = ¾0(t); ¾jx= L = 0 (4)

specify the impact stress¾0(t) 2 applied to the left end of the rod. The right
end is kept stressfree.Together(1), (3) and (4) form a well-posedhyperbolic
problem (Bekker, 2001).

For the adiabatic approximation oneassumesthat no heat conduction occurs
in the rod and no heat convection through the lateral surface.The heat con-
duction term q in (2) is equal to zeroso the balanceof energyin conjunction
with (1) yield

½Ut = ¾uxt (5)

2 We do not require continuit y on ¾0(t)
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The initial conditions for displacement and stress(4) are complemented by
onemore initial condition for the temperature:

T(x; 0) = T0 (6)

whereT0 is the initial temperature assumedconstant along the length of the
bar. Thus the ¯eld equations(1),(5), initial conditions (4),(6) and boundary
condition (3) de¯ne the adiabatic problem.

2.2 Constitutive law

In order to complete the ¯eld equationsand be able to solve the boundary
valueproblemsweneedto introducea thermomechanicalconstitutive law that
will connect the stressand internal energywith the evolution of strains and
temperature.The hysteresisof the material is strongly dependent on the stress-
temperature path that is followedduring the loading cycle.In reality there are
two distinct types(?)of martensite - twinned (self-accommodated) martensite
M t and detwinned M d. The phasediagram for NiTi basedSMAs is shown
on Figure 1. The phasediagram and the possiblephasetransformations are
explainedin great detail in (Lagoudasand Shu, 1999).Let us brie°y describe
all three possibleways inelastic deformationsoccur:

² Austenite to twinned martensite (A ! M t ) and vice versa(M t ! A). The
phasetransition occursduring cooling or heating the material. The crystal
lattice changesfrom cubic in the austenite phaseto monoclinic in the M t

phase.The four temperatures M of , M os, Aos, Aof that are shown on the
phasediagram de¯ne the beginningand ending (at zerostresslevel) of this
type of transformation.

² Austenite to detwinned martensite (A ! M d) and vice versa (M d ! A).
The phasetransition is triggered by increaseor decreaseof stress levels.
The material behavior is referredto aspseudoelastic responseif the loading
path is a closedloop that starts and endsat the samepoint in the austenite
region.Thesethermomechanical paths are alsoassociated with large latent
heat generation during the phasetransitions. The stressinduced forward
transformation A ! M d is exothermic while the backward transformation
M d ! A is endothermic (Cory, 1985; McNichols, 1987). A very simple
subcaseare the isothermal a) and adiabatic b) paths shown on Figure 1.

² Self-accommodated martensite to detwinned martensite (M t ! M d). This
last type of inelastic deformation is not associated with a phasechangebut
with stressinduced reorientation of martensitic variants. It is irreversible
upon unloading but the inelastic strains can be recovered if the material is
heatedaboveAof . This is the basisof the ShapeMemory E®ect(SME) which
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Fig. 1. Uniaxial stressphasediagram for a NiTi SMA material

we will not describe in details sinceit is outsidethe scope of our study. The
material constants de¯ning this transition are the initiating stresslevel ¾s

and endingstresslevel ¾f . This deformationcanoccur only at temperatures
below the M os. It is not associated with any signi¯cant heat generationbut
the linear thermoelastic response

In this paper we usethe theory introducedby (Lagoudaset al., 1996)which is
formulated in terms of the Gibbs freeenergyG and employs the volume frac-
tion of martensite » as an internal variable. The martensitic volume fraction
» doesnot distinguish betweenthe two typesand denotesthe volumefraction
of M d and M t combined. Later we shall seehow this re°ects on the abilit y
of the model to predict various thermomechanical paths. The generalform of
the free energyis taken to be:

G = G(¾; T; ») = ¡ 1
2½S¾2 ¡ 1

½(®(T ¡ T0) + " t )

+ c
³
(T ¡ T0) ¡ T ln

³
T
T0

´´
¡ s0T + u0 + f (»)

(7)

where" t inelastic transformation strain associated with the phasetransforma-
tion. The function f (») is takento bea quadratic polynomial and is responsible
for the transformation hardening:

f (») =

8
><

>:

1
2½bM »2 + (¹ 1 + ¹ 2)»; _» > 0
1
2½bA »2 + (¹ 1 ¡ ¹ 2)»; _» < 0

(8)
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The material constants ½bA , ½bM , ¹ 1 and ¹ 2 de¯ne the transformation surfaces
and the hardeningduring the forward and reversetransitions. The remaining
material properties in (7) are e®ective complianceS, e®ective thermal ex-
pansioncoe±cient ®, e®ective speci¯c heat c, e®ective speci¯c entropy at the
referencestate s0 and e®ective speci¯c internal energyat the referencestate
u0. They are chosenby the rule of mixtures (quantities with subscript A de-
note the appropriate material constant for the austenitephaseand thosewith
subscript M for the martensite phase):

S = S(») = SA + »(SM ¡ SA )

® = ®(») = ®A + »(®M ¡ ®A )

c = c(») = cA + »(cM ¡ cA )

s0 = s0(») = sA
0 + »(sM

0 ¡ sA
0 )

u0 = u0(») = uA
0 + »(uM

0 ¡ uA
0 )

(9)

The transformation strain " t with is connectedwith » through the relation

" t = H sgn(¾)» (10)

whereH is a positive material constant corresponding to the maximum trans-
formation strain. Taking into account that " = ¡ @G

@¾ the following constitutive
relation is obtained:

¾= E(»)(" ¡ ®(»)(T ¡ T0) ¡ " t (»)) (11)

whereE(») = 1=S(»).

The transformation condition is basedupon thermomechanical transformation
surfaces(see(Lagoudaset al., 1996)) which, in the 1-D casebecomethe lines
on the ¾¡ T diagram3 . The principle of maximum transformation dissipation
in conjunction with the secondlaw of thermodynamics leadsto the following
transformation surface:

¾H + 1
2¢ S¾2 + ¢ ®¾(T ¡ T0) + ½¢ c

³
(T ¡ T0) ¡ T ln

³
T
T0

´´

+ ½¢ s0T ¡ @f
@» ¡ ½¢ u0 = § Y ¤

(12)

3 Note that they are not straight lines due to the presenceof quadratic terms in
(12).
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where Y ¤ = ¡ 1
2½¢ S(Aof ¡ M os) ¡ 1

4½¢ S(M os ¡ M of ¡ Aof + Aos) and the
+ Y ¤ at the right hand side stands for the forward transformation surface
(A ! M ) and ¡ Y ¤ for the reversetransformation surface(M ! A). This
transformation surfacesaccurately model the material response away from
the detwinning range. When the thermomechanical loading path lies in the
lower left part of the phasediagram the transformation surface(12) deviates
from the actual one. (???WE HAVE TO SAY SOMETHING ???)

The problemof latent heat generationbecomesrelevant if weconsiderthat the
timescaleof the problemsunder considerationis on the order of micro- to mil-
liseconds.Such time-intervals are too short for heat conduction to take place
as well as for heat convection to remove the heat trough the lateral surface
of the rod. Thereforedynamic loading with initial temperature T > Aof and
with stresslevelshigh enoughto causephasetransformation will involve latent
heat releasethat cannot be dissipatedin the surroundingenvironment. There-
fore material points wheresu±cient latent heat is generatedwill changetheir
position on the phasediagram and the material responseat such points will
subsequently be altered. The most appropriate setting for the impact problem
in the pseudoelasticcasesis the adiabatic initial-b oundary value problem. On
the other hand when the material is initially in M t state the only possible
inelastic deformation is detwinning of martensite so the isothermal initial-
boundary value problem is su±cient for accuratephysical description of the
impact problem.

2.3 Detwinning of martensite

As mentioned earlier the model usedin this paper doesnot distinguishbetween
M d and M t . Consequently, the model can handle A $ M d and A $ M t and
separatelyfrom them the detwinning transformation M t ! M d. Supposethat
the material is completely in the M t phase.During loading there will be no
latent heat e®ectsand the loading is e®ectively isothermal. Sincethere is no
di®erencein the material constants betweenM t and M d the transformation
criterion reducesto standard J2 plasticity:

¾H ¡
@f
@»

= 0 (13)

The martensitic volumefraction » now plays the role of the amount of detwin-
ning strains and H is the maximum detwinning strain. The material constants
in 7 trough 11 are taken to be the onesfor martensite and only the forward
portion of the transformation hardeningfunction is used:
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f (») =
1
2

½bd»2 + Y d» (14)

The material constant bd de¯nes the hardening during the detwinning and
Y d = ¾sH statesthat the onsetof the deformationoccursat the critical stress
level ¾s. The deformation is completedwhen » = 1 which implies that ½bd =
¾f H ¡ Y d. Any further loading causesonly elasticresponse.This recalibration
of the model allowsusto useit e®ectively for detwinning transformationswhen
no stressinduced martensite is produced.

2.4 Isentropic approximation

With the constitutive model fully de¯ned we will substitute the actual expres-
sion for the internal energy in (5) in order to further simplify the adiabatic
heat equation. Let us expressit in terms of the entropy S. We have

S = ¡
@G
@T

, " = ¡ ½
@G
@¾

, ¼= ¡ ½
@G
@»

(15)

where ¼ is the driving force for the transformation. Now, using a Legendre
transform U = G + TS + ½¡ 1¾" we rewrite (5) as

½TSt = ¼»t (16)

Further, combining (7) and (15)the particular form of the entropy for SMA
materials given in (Lagoudaset al., 1996) is

S = ®¾=½+ C ln(T=T0) ¡ ¢ s0» + sA
0 (17)

where C is the heat capacity (equal for austenite and martensite) and for
notational simplicity we introduced¢ s0 = sA

0 ¡ sM
0 to be the di®erenceof the

speci¯c entropies for the two phases.On substituting (17) into (16) we ¯nd:

½CTt = ¡ T (®¾¡ ½¢ s0»)t + ¼»t (18)

According to (Cory, 1985;McNichols, 1987)¼¿ ½¢ s0T for most SMAs (e.g.
for NiTi the precisevaluesyield ¼=½¢ s0T ¿ 1:3%) sowe can approximate 18
by

½CTt = ¡ T (®¾¡ ½¢ s0»)t (19)

11



which is equivalent to the isentropic condition St = 0. Equation 19 has the
advantage that it can be integrated directly:

T = T0e¡ 1
½C (®(»)¾¡ ½¢ s0») (20)

Herewe explicitly stated the dependenceof the temperature on the strain and
stress.

2.5 Tangentmoduli

In order to develop the displacement basedFEM model in the next section
we needto compute the increment of the stresswith respect to an increment
in the strain.

In the isothermalcasethe thermal contribution ®(T ¡ T0) in (11) is zerohence
(20) is identically satis¯ed so we have

d¾
d"

=
@¾
@"

(21)

In the adiabatic casehowever we have

d¾
d"

=
@¾
@"

+
@¾
@T

dT
d"

(22)

and in order to ¯nd the total derivative d¾
d" we needto express@T

@" in closed
form. We do this by di®erentiating equations(11) and (20) with respect to
the strain and combine the result to obtain:

dT
d"

= ¡

Ã

®
@¾
@"

+ (¾¢ ®¡ ½¢ s0)
@»
@"

!, Ã
½C
T

+ ®
@¾
@T

+ (¾¢ ®¡ ½¢ s0)
@»
@T

!

(23)

For compactnesswe introduced the notation ¢ ® = ®M ¡ ®A . Secondorder
approximations for the partial derivatives @¾

@" , @¾
@T , @»

@" and @»
@T are developed in

(Qidwai and Lagoudas,2000) and thus we are able to compute numerically
the tangent moduli (21) and (22).
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3 Numerical implemen tation

We begin with the numerical techniquesusedto implement the constitutive
laws.For given strain increment ¢ " and temperature increment ¢ T the stress
¾givenby equation(11) is computedwith the help of the cutting planereturn-
mappingalgorithm describedin (Qidwai and Lagoudas,2000).A displacement
basedFEM providesstrain increments. For isothermal problems¢ T = 0 and
thus the cutting-plane algorithm computesthe requiredvaluefor the stress.In
the adiabatic approximation however both the stressand temperature become
dependent on the strain increment ¢ " that is, we have to simultaneously
satisfy (11) and (20). This is done via an iterativ e process.We are given
values" (0) , ¾(0) , T (0) for strain, stressand temperature which satisfy (11) and
(20) and a strain increment ¢ ". We then ¯nd (¾; T) corresponding to strain
" = " (0) + ¢ " trough the iteration (¾(n) ; T (n)) ! (¾; T) de¯ned by:

¾(n+1) = E
³
" ¡ ®

³
T (n) ¡ T0

´
¡ " t (n)

´
(24)

T (n+1) = T0e¡ 1
½C (®¾( n +1) ¡ ½¢ s0»( n +1) ) (25)

The ¯rst equation (24) usesthe return-mapping algorithm to computea new
value ¾(n+1) for the stress basedon the old temperature T (n) . The second
equation (25) attempts to enforcethe isentropic heat equation by computing
a corrected temperature T (n+1) . The processis terminated when there is no
further progress,i.e. when

¯
¯
¯¾(n+1) ¡ ¾(n)

¯
¯
¯ and

¯
¯
¯T (n+1) ¡ T (n)

¯
¯
¯ both drop below

certain tolerance.The algorithm showed linear convergencein the test cases,
however a detailed theoretical study is required to establishits properties.

3.1 FEM procedure

A standardsemi-discreteGalerkin approximation is usedto generatethe weak
form of the problem:

Find uh(x; t) =
P N

i=1 Ui (t)Ãi (x) such that:

½
Z L

0
Äuhvhdx +

Z L

0
¾vh

;x dx = ¡ ¾vh
¯
¯
¯
x=0

(26)

Throughout this paper we usedlinear elements, that is:

span(Ã1; :::;ÃN ) = P1([0; L ]) ½ H 1([0; L ])
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As usual we have N ¡ 1 number of elements (i.e. N nodes), the nodal values
for the displacement are given by Ui (t) and whenever appropriate, we shall
usevector notation, i.e. U = (U1; :::;UN )t .

The problem reducesto a secondorder nonlinear systemof ODEs:

M ÄU + K »(t )(U )U = ~F»(t )(U ) (27)

where M is the massmatrix, K »(t )(U ) the sti®nessmatrix and ~F»(t )(U ) is
the forcing term due to the nonlinear and thermal strains. The subscript »(t)
standsto indicate that ~F»(t )(U ) and K »(t )(U ) do not depend on the displace-
ment only but on the whole loading history. However, for any given loading
history the stressand henceK (U ) and ~F(U ) can be viewed as well de¯ned
single valued functions. Thus, without loss of generality we shall drop the
subscript »(t) in the discussionthat follows. They are given by:

M ij = ½
Z L

0
Ãi Ãj dx (28)

K ij (U ) =
Z L

0
E(»)

@Ãi

@x
@Ãj

@x
dx (29)

~Fi (U ) =
Z L

0
E(»)

h
" t (») + ®(»)(T ¡ T0)

i @Ãi

@x
dx (30)

We introduceF(U ) = ~F(U ) ¡ K (U )U which is the full forcing term 4 :

F i (U ) = ¡
Z L

0
¾

@Ãi

@x
dx (31)

Equation (27) can be rewritten as

M ÄU = F(U ) (32)

The time integration in (32) (or (27))is done by the backward di®erence
method, a member of the Newmark family (Newmark, 1959;Reddy, 1993).
For t = ts the Newmark schemeis de¯ned by 5 :

U s+1 = U s + ¿ _U s +
1
2

¿2((1 ¡ ° ) ÄU s + ° ÄU s+1 ) (33)

_U s+1 = _U s + ¿((1 ¡ ®) ÄU s + ®ÄU s+1 ) (34)

4 Similarly, a more precisenotation for F(U ) would be F »(t ) (U )
5 The usual notation U s := U (ts) is used
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The backward di®erencemethod is obtained by setting ® = 3
2 and ° = 2. It

is easyto show (see(Reddy, 1993)) that the above di®erenceequationslead
to the following systemof nonlinear algebraicequationsfor Us+1 :

2
° ¿2

MU s+1 = F(U s+1 ) + G s (35)

or, equivalently to

Ã
2

° ¿2
M + K (U s+1 )

!

U s+1 = ~F(U s+1 ) + G s (36)

whereG s = M
³

2
° ¿2 U s + 2

° ¿
_U s + 1¡ °

°
ÄU s

´
. The nonlinearproblem(35) is solved

by a quasi-Newtonianalgorithm. The right-hand side is linearized:

Fi (U + ¢ U ) ' Fi (U ) +
NX

j =1

@Fi (U )
@Uj

¢ Uj

and further the chain rule is usedto obtain:

L ij (U ) :=
@Fi (U )

@Uj
=

Z L

0

@¾
@Uj

@Ãi

@x
dx =

Z L

0

d¾
d"

@Ãj

@x
@Ãi

@x
dx (37)

Numerically L is evaluated by substituting the appropriate expressionfor d¾
d" ,

that is we use(21) in the isothermal caseand (22) in the adiabatic case.

The solution U s+1 is found through a Newton-Raphsoniterativ e process.We
set U (0)

s+1 = U s and for n = 1; 2: : : until convergencewe compute:

U (n+1)
s+1 =

Ã
2

° ¿2
M ¡ L(U (n)

s+1 )

! ¡ 1 ³
F(U (n)

s+1 ) ¡ L (U (n)
s+1 )U (n)

s+1 + G s

´
(38)

Of the two algorithms presented in (Qidwai and Lagoudas,2000) we chose
the cutting plane method. For this method the partial derivativesare derived
in approximate form. Thus we get a quasi-Newtonalgorithm which showed
local quadratic convergencefor small enough time-steps. In the casewhen
convergencewas being lost we applied the Picard (simple) iteration to (36).
Again, set U (0)

s+1 = U s and for n = 1; 2: : : until convergencecompute:
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U (n+1)
s+1 =

Ã
2

° ¿2
M + K (U (n)

s+1 )U (n)
s+1

! ¡ 1 ³
~F(U (n)

s+1 ) + G s

´
(39)

In all numericalexamplestestedthe later iteration demonstratedglobal linear
convergence.

3.2 Adaptive meshre¯nement

Let ¾h
n be the stressat the end of the Newton algorithm at time step n, i.e.

t = tn . For linear elements ¾h is a piecewiseconstant function. Let us take
¾h to be the continuous,piecewiselinear function in [0; L] which assumesthe
averagedvalue of ¾h at each nodal point. It has beenshown in (Zienkiewicz,
1987)that for linear problemsonehas the convergenceresult:

°
°
° ¾h ¡ ¾h

°
°
°

0;[0;L ]
! 0 as

°
°
° U ¡ Uh

°
°
°

0;[0;L ]
! 0 (40)

The above norms can be localized over each element through the obvious
relation

°
°
° ¾h ¡ ¾h

°
°
°

2

0;[0;L ]
=

P
e

°
°
° ¾h ¡ ¾h

°
°
°

2

0;e
. The estimator is then de¯ned on

the element level. For each element e we require that
°
°
° ¾h ¡ ¾h

°
°
°

0;e

k¾hk0;[0;L ]

< TOL (41)

We would like to emphasizetwo aspectsof the actual implementation details
of the FE analysis.The linear system(35) (or (36)) is tridiagonal and poses
no computational problems.Secondly, the two most time-consumingparts of
the FE procedureare the assembly of the sti®nessmatrix at each Newton step
(becauseof the nonlinear dependanceof the sti®nesson the strain) and the
force vector. Both of them require the execution of the stressupdate proce-
dure via the return-mapping algorithm which is a computationally expensive
operation and is preformedfor each element at each Newton step.

Clearly a global uniform h-re¯nement strategy used to achieve satisfactory
spatial discretization will imposesevere restrictions on the problem sizedue
to the assembly time issues.In order to avoid this we usedthe Zienkiewicz-
Zhu error estimator to perform adaptive meshing.The local criterion (41) is
applied to each element at the completion of the Newton iteration. If there is
no further needto re¯ne the meshwe proceedto the next time step.We found
that this approach works very well for the classof SMA hysteretic materials
under consideration.
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Table 1
Material parametersusedin the SMA model

Material constant Value Description

E A 70£ 109 Pa Modulus of elasticity in austenite

E M 30£ 109 Pa Modulus of elasticity in martensite

H 0.05 Maximum transformation strain

d¾
dT 7:0 £ 106 Pa=(m3K )

M of 2 ±C Martensitic ¯nish temperature

M os 18 ±C Martensitic start temperature

Aos 22 ±C Austenitic start temperature

Aof 42 ±C Austenitic ¯nish temperature

4 Numerical Examples

We tested the implementation of the FEM in two di®erent model problems.
The ¯xed impact stressmodel problem presented in the next sectioninvolves
only the loading part of the hysteresisand is thereforerepresentativ e for both
isothermal and adiabatic thermomechanical paths (Figure 2). Further, the
main di®erencein the shapeof the hysteresisloop for stress-inducedmartensite
and detwinning of martensite is the unloading part. Therefore,when we only
have loading it is su±cient to test only isothermal thermomechanical paths.

The secondmodel problem that is consideredis onefor a squarepulse.In this
casethe shape of the unloading part of the hysteresisis important. In order
to stay closeto the physical reality we tested two thermomechanical parts:
an adiabatic path in pseudo-elasticregime (T > Aof ) and an isothermal at
temperaturesT < M os. The ¯rst part is interesting with the fact that it pro-
videsfull shape recovery. The later path givesimportant insight into the wave
structure of the solution in the detwinning range. We shall later encounter
this type of thermomechanical paths in the modelling of the Hopkinson bar
experiment (Sections5 and 6).

The material properties(Table1) for all model problemsare taken from (Qid-
wai and Lagoudas,2000)and represent genericNiTi SMA properties. In ad-
dition to that for all model problemswe had:

² 50cmNiTi SMA rod in an isothermal setup was considered
² Total simulation time was 100¹s so that the elastic front would not reach

the ¯xed right end of the rod
² All calculationswere performedon a 933 Mhz PII I machine running Win-

dows NT.
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Fig. 2. An adiabatic and isothermal path for the material data in Table 1 at
T = 47 ±C. Under adiabatic conditions higher stress levels are required to com-
plete the phasetransformation comparedto isothermal hysteresisloops.

4.1 Fixed impact stressmodel problem

The ¯xed impact stressinitial-b oundary value problem6 is de¯ned by setting
the boundary condition to be the two constant-state function:

¾0(t) =

8
><

>:

0 for t · 0

¾0 for t > 0
(42)

We chosethis particular boundary condition becausethe it is a natural start-
ing point for nonlinear hyperbolic equationsand becausethere are existing
analytical solutionsfor it. Following (Bekker et al., 2002;Chenand Lagoudas,
2000)onecan show that the following two-shock solution:

g(x; t) =

8
>>>>><

>>>>>:

gph for 0 · x · Vpht

gel for Vpht < x · Velt

0 for Velt < x · L

(43)

whereg = v; ¾; " and ¾ph = ¾0.

6 When the sameinitial boundary value problem is reformulated asan initial prob-
lem on an in¯nite domain with the initial condition beinga step function it is usually
referred to as the Riemann problem.
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The pair ("el; ¾el) is the point on the hysteresiscurve that correspondsto the
start of the phasetransformation.

The faster shock is a linear elastic shock and hasvelocity

Vel =
s

¾el

½"el
=

s
E A

½
(44)

The second,slower shock, is the transformation shock which travels with ve-
locity

Vph =

s
¾0 ¡ ¾el

½("0 ¡ "el)
(45)

This later shock speci¯esthe point of abrupt phasetransition - for x · Vpht the
material is an martensite and in the regionx ¸ Vpht it it still in the austenite
phase.This is a truly self contained nonlinear shock becauseof the convex-
down nature of the function ¾(") for " > " el. For a generaldiscussionon the
solution to the Riemann problem in nonlinear hyperbolic PDEs (Godlewsky
and Raviart, 1996,pg. 83-97).For a discussionspeci¯c to SMA materials the
readeris referredto (Chen and Lagoudas,2000;Bekker, 2001).

For this model problem we set ¾0 = 400M Pa and T = 47 ±C. Given this and
the material data onecan compute the exact speedof the shocks:

Vph = 723m=s (46)
Vel = 3294m=s (47)

The corresponding stresslevels are ¾ph = 400M Pa and ¾el = 195M Pa.

The ¯rst thing to be observed whenusinga ¯xed meshwasthe expectedtwo-
shock structure of the solution. Results for two di®erent meshsizesare given
in Figure 3. We tested several members of the Newmark family and found
that best results are given by the backward di®erencemethod. Of the others,
explicit methods as well as the constant accelerationscheme were uncondi-
tionally unstable.Of thosethat wereable to convergethe backward di®erence
was found to dampen the hight frequencyoscillations (Figure 3, left) in the
most e±cient mannerwhile introducing reasonableamounts of numerical dis-
sipations,mostly visible at the elastic shock. The quasi-Newtonmethod used
to solve the nonlinear system(35) showed quadratic convergenceat all time
stepsbut the ¯rst fewones.In that caseweusedthe alternativedirect iteration
(39).
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Fig. 3. Stress pro¯le at 30¹s for a ¯xed mesh with 500 (left) and 2000 elements
(right). Wiggles are eliminated for the ¯ner spatial discretization. The position of
the elastic shock is marked by a dashedline.
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Fig. 4. Stress pro¯le at 30¹s for an adaptive mesh with two di®erent time steps.
The linear shock is quite smearedfor a coarsetime step ¿ = 0:1¹s (left) while it
is much sharper when a ¯ner step of ¿ = 0:001¹s is used.Mesh nodes are marked
with black squares.

Quantitativly the results obtained by the FEM are in agreement with the
analytical solution. For a giventime stepboth adaptivemeshesand su±ciently
¯ne ¯xed meshesdeliver the samesolution. For a time step of ¿ = 0:1¹s the
numerical value for the phaseshock is found to travel with velocity in the
range 693¡ 900m=s. The velocity of the elastic front is calculated to be in
the range3316§ 420m=s. The smearingof the stresspro¯le in the region of
the elastic shock is due to the time-integration scheme.When the time step
is decreasedthe slope becomessteeper and eventually convergesto the shock.
For an adaptive solution with a time step¿ = 0:001¹s (the samecomputation
for a ¯xed meshand such a time stepwastime prohibitiv e,seenext paragraph)

20



Table 2
Execution times for ¯xed and adaptive meshes

Time Fixed Mesh Adaptiv e Mesh

Elements Time (min) Elements Time (min)

10 ¹s 16000 56 161 1:12

20 ¹s 16000 113 199 2:37

40 ¹s 16000 226 256 6:10

80 ¹s 16000 451 301 15

the calculatedvaluesfor the phaseshock are now in the range723¡ 733m=s
and the elasticshock is within the bounds3256¡ 3366m=s. This indicatesthat
the lower bound for the transformation shock is very closeto the actual value
(46) and the the elastic shock (47) is virtually in the middle of the suggested
numerical range.Secondlythe error in the predictedvalue for the phaseshock
decreasesfrom 24% for ¿ = 0:1¹s down to 1.3% for ¿ = 0:001¹s . The error
in the elastic shock decreasesfrom 12% to 1.1% which is a clear indication
that the algorithm is converging. Of coursea theoretical analysis is required
to prove that.

A comparisonfor the two di®erent mesheson Figure 3, both for a ¯xed time-
step of ¿ = 0:1¹s at time t = 30¹s shows that wiggles can be eliminated
by re¯ning the mesh.One can also seethat there are big regionsin the bar
with no variation in the stress.This is fully utilized by the adaptive approach.
Figure 4 shows an adaptive FE solution with the sametime parametersas
above and tolerance(seeequation (41)) set to 10¡ 4 such that the accuracyis
comparableto the oneof the ¯xed meshwith 2000elements.

A more drastic comparisonin the performanceof the ¯xed and adaptive FE
methods is given in Table 2. The time step is ¿ = 0:01¹s and the number of
elements for the ¯xed FEM is chosenso that the two solutions have compa-
rable accuracy. Both numerical solutions in this caseare much more accurate
than the previousexamplebecausethe smaller time step reducesthe dissipa-
tion in the elastic shock. A comparisonof the execution times for the ¯xed
and adaptive methods shows that the adaptive proceduredeliversan order of
magnitude improvement in performance.

4.2 Energy dissipation for a square pulse

A more realistic initial-b oundary value problem is one for which we do not
have continuousconstant loading but a squarepulse, i.e.
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¾0(t) =

8
>>>>><

>>>>>:

0 for t · 0

¾0 for 0 < t < Tpul se

0 for t ¸ Tpul se

(48)

where Tpul se is the duration of the pulse. Unfortunately to the best of the
authors knowledge,there are no known analytical solutions for this problem.
Moreover, there areunresolvedquestionsregardingthe uniquenessof the weak
solution for times t > Tpul se when unloading takesplace.

For this type of boundary condition which is much closerto practical caseswe
can evaluate the energydissipation due to phasetransformation. If we de¯ne
P(¿) to be the work done by the external forcesat left end of the rod from
t = 0 to t = ¿, K(¿) to be the kinetic energyof the rod (at time t = ¿) and
U(¿) be the strain energyof the rod then we have the obvious relations

P(¿)=
R¿

0 ¾(0; t) _u(0; t)dt

U(¿)= 1
2

RL
0 ¾(x; ¿)"(x; ¿)dx

K(¿)= 1
2

RL
0 ½( _u(x; ¿))2dx

(49)

and thus the energydissipation can be de¯ned as

D(¿) =
P(¿) ¡ (K(¿) + U(¿))

P(¿)
(50)

In our numericalcalculationsweonly usedthe adaptiveFEM procedureasthe
examplesin the previoussubsectionindicated that both the ¯xed and adaptive
method give the samesolution but at much di®erent computational cost. In all
numerical simulation we took Tpul se = 10¹s . We exploredto di®erent loading
conditions.

4.2.1 Adiabatic loading

The stresslevel usedfor the model problem was¾0 = 800M Pa and the initial
temperature was T0 = 47 ±C > Aof . The stresslevel was chosenso that the
full hysteresisloop could be realized(seeFigure 2).

The most noticeablefeature observed is the structure of the unloading pulse.
Again we seea two wave shock structure that correspondsto the initial elastic
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Fig. 5. Stresspro¯le at di®erent instancesof time for a square pulse in adiabatic
loading
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Fig. 6. Exploded view near the left end. The unloading (10¹s ) produces two
right-tra velling shock waves(20¹s ). The faster unloading wave re°ects o®the trans-
formation shock (¼ 21¹s ) and forms a left-tra velling wave (24¹s ). What follows is
a seriesof complicated re°ections that gradually kills the initial non-linear shock.

unloading and the following reversetransformation M t ! A. both of them
travel faster then the phasetransformation shock. When the faster unloading
front catchesup with it a left-travelling re°ection is generated.Left-travelling
waves then partially re°ect from the slower unloading shock and partially
continue to bounce o® the left end of the rod which is now stress free. A
complicated seriesof re°ections and/or rare¯cation waves follows. The ¯rst
of them is shown in Figure 6. Due to lack of theoretical knowledgeit is not
possibleto tell wether the re°ectedwavesareshock pulsesor rarefactionwaves.
The ¯rst re°ection results in approximately 34% decreaseof the peak stress
level. The picture becomeseven more complicatedwhen the slower unloading
shock eventually catchesup with the forward travelling phasetransformation
shock. The evolution of the stresspro¯le up to 90¹s is shown on Figure 5.
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Fig. 7. Energy dissipation for a 10 ¹s squarepulse in adiabatic conditions.

The calculation show that dissipation levels goesfrom 10%at the end of the
pulse (T = 10¹s ) to 42% at T ¼ 22¹s when the faster unloading wave hits
the forward travelling transformation wave. The high stress levels are then
gradually reduced within the elastic limits. The energy dissipation reaches
approximately 80%at 100¹s , shortly beforethe elastic front reachesthe right
end.

4.2.2 Detwinning

The last model problem to be solved involved a simulation of the detwinning
processin SMA materials. The polynomial model wasnot originally designed
to take detwinning into account. However, if the material is in the austenite
state and the temperature is in the range M os < T < Aos the resulting
hysteresisdue to phasetransformation aspredictedby the model will be close
to the actual stress-strainrelationshipdueto detwinning. A detaileddiscussion
on how to use the polynomial model to to predict detwinning is given in
Section5.4. In this numerical simulation the initial temperature is set to T0 =
22 ±C. The stresspulse has magnitude ¾0 = 400M Pa which is su±cient to
completethe detwinning and then obtain the elasticresponseof the M d phase.
This implies that again we must expect a two forward propagating shocks as
in the previous adiabatic case.The unloading is completely elastic and we
expect to seea single linear shock, travelling fast enough to catch up with
the nonlinear shock causedby the detwinning. This is followed by a seriesof
re°ections between the left end (which is stressfree after the pulse is over)
and the forward propagating detwinning shock. The stresspro¯le at several
di®erent instancesof time is presented on Figure 8 and completely matches
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the expectations.

Due to sequenceof elastic waves re°ecting o® the left end (which causethe
stress to reversesign) and o® the detwinning (nonlinear) shock the energy
dissipationasa function of time (Figure 10) hasa morecomplicatedstructure.
The dissipation quickly reaches¼ 75% as the initial unloading wave reaches
the nonlinear shock and re°ects back (Figure 9). After each re°ection o®the
left end the stresschangessign and in e®ectnulli¯es with the left travelling
wave which causesa rise in the dissipation levels. Then the right-tra velling
re°ections reach the nonlinear shock, causeit to decreasefurther and re°ect
ascompressive left travelling wavescausinga drop in the dissipation. It should
be noted that even though in the long term the dissipation stabilizesaround
to 90%the material is permanently deformed.In order to recover its shape it
has to be reheated.

5 Dynamic material characterization

The dynamic responseof a nearly equiatomic NiTi alloy rod was character-
ized with onedimensionalwave propagation experiments in a Hopkinsonbar
arrangement. We now turn to a description of this experiment.

5.1 Description of the Apparatus

Hopkinsonbar apparatushasbecomestandard in the characterization of the
dynamic response of materials; detailed descriptions are provided in many
handbooksand textbookse.g.(Gra®,1975,pg. 128-134),and henceweprovide
only a brief descriptionhere.A photographof the experimental setupis shown
in Figure 11 and a schematic of the impact deviceis given in Figure 12.

The apparatusconsistsof a striker bar, an input bar and an output bar, all of
diameter d = 15:5mm and all madeof a 4340steel, quenched and tempered
to a martensitic state. The yield strength of thesebars is about 1.8 GPa and
they remain elastic during the impact experiments. The density of the bars is
½= 7800kg=m3, the measuredbar wave speedCb =

q
Eb=½= 5300m=s and

Eb is the modulus of elasticity of the steelbar. The striker bar (12) of length L
is propelledfrom an air gun at speedsin the rangeof 10to 40m=s. This striker
impacts the input bar which is 1:7m long; a onedimensionalcompressionwave
propagatesinto both bars; sincethe striker bar is short, the re°ected tension
pulse arrives at the striker-input bar interface at a time Tpul se = 2L=Cb; at
this point, the striker comesto a stop and is disengagedfrom the input bar.
Hence,a compressionpulse of duration Tpul se is propagateddown the length
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Fig. 11. Photograph of the Hopkinson bar experimental setup. The specimen is
visible at the top-right part of the photograph
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Fig. 12. Geometry and arrangement of strain gaugesin Hopkinson apparatus. (Fig-
ure not drawn to scale)

of the input bar. This wave is coupled into the specimenwhich is in contact
with the far end of the input bar. Due to the impedancemismatch between
the specimenand the input bar, a part of the pulse is re°ected back into the
input bar and a part of the pulsepropagatesinto the specimen.A strain gage
mounted at about the middle of the input bar is usedto monitor the incident
compressive pulseand the re°ected tensilepulsepropagatingin the input bar.
The wavepropagatingthrough the specimen,getscoupledinto the output bar,
againwith a re°ectedcomponent dueto the impedancemismatch. The output
bar is freeat the far end and soa tensilepulsere°ects from the far end of the
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output bar and is unableto transmit into the specimen;hencethe specimenis
loadedfor only once.A strain gagemounted at the middle of the output bar
is usedto monitor the strain pulses,in particular the ¯rst transmitted pulse,
in the output bar.

The main featureof the Hopkinsonimplementation of the dynamicexperiment
is in the length of the specimen,L sp which is quite long. This meansthat a
steady-statecondition is not reached during the time Tpul se and one has to
deal with the propagation of the wave in the specimenmaterial.

5.2 Specimen Preparation

In our experiments weuseda singleSMA specimen345mm long and two short
specimensof 25.4mm length. All the specimenshad diameter was 12.7mm.
After machining the specimensto the appropriate lengths they were heated
to 540 ±C in standard atmospherefor 2 hours and furnacecooled. This pro-
cesswasusedto erasehistory of prior plastic deformation. A thin oxide layer
was formed during the heat treatment, but this does not a®ect the overall
responseof the material. In the long bar, six strain gaugeswereplacedat dis-
tances10mm, 20mm, 40mm, 80mm, 160mm and 320mm from the impact
end. A high temperature strain gaugeadhesive was usedand the specimens
were then annealedat 100 C for 1 hour. Subsequently, the specimenswere
cooled to dry ice temperature (-70 ±C) and then brought to room temper-
ature for testing. All tests were performed at room temperature (nominally
20 ±C) unlessspeci¯ed otherwise.A Di®erential ScanningCalorimeter (DSC)
was used to determine the transformation temperatures in the material. As
can be seenfrom the DSC measurements shown in Figure 13, under the indi-
cated temperature cycling, the specimenswere in a twinned martensitic state
during the test. In order to obtain preliminary information on the mechan-
ical behavior of this material quasi-static compressiontests were performed
on the short specimensin a standard testing machine. The ¯rst quasi-static
test wasperformedat room temperature to obtain the critical stressvalues¾s

and ¾f for onsetand ¯nish of detwinning as well as the transformation hard-
ening constants (Table 3). A secondquasi-static test at elevated temperature
(T = 60 ±C) was usedto get the elastic modulus of the austenitephase.

The stress-strainrelationship obtained from the quasi-statictest at room tem-
perature is shown in Figure 14 along with the predictions of the polynomial
model; the initial elastic modulus can be estimated to be 42GPa; beyond
about 0.3% strain level, nonlinear responseis observed and this corresponds
to detwinning of the martensite.At about 3% strain, there is a sharp increase
in the tangent modulus that corresponds to the exhaustionof detwinning.
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Table 3
Material parametersusedin the SMA model

Material constant Value Description

E A 70£ 109 Pa Modulus of elasticity in austenite

E M 42£ 109 Pa Modulus of elasticity in martensite

H 0.03 Maximum transformation strain

d¾
dT 7:0 £ 106 Pa=(m3K )

M of 6 ±C Martensitic ¯nish temperature

M os 29 ±C Martensitic start temperature

Aos 37 ±C Austenitic start temperature

Aof 53 ±C Austenitic ¯nish temperature

¾s 150MPa Start of M t Ã M d transition

¾f 280MPa Completion of M t Ã M d transition

Fig. 13. Di®erential ScanningCalorimeter measurements of the SMA specimen.

5.3 Dynamic Results

As indicated earlier, in the Hopkinsonbar experiment a 345mm long rod in-
strumented with six strain gaugeswasplacedbehindthe input bar. The output
from thesegaugesis shown in Figure 15. Strain gaugenumber 3 (40mm) suf-
fered a partial debond during the test and hencethe results from this gauge
are not meaningful beyond the point marked by the dark dot in the ¯gure.
The elastic wave in the input bar wasnot recordeddue to an error in the de-
vice; all other gaugesworked well and recordedthe strain pro¯le as the wave
propagateddown the length of the SMA rod. An x-t diagram corresponding
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Fig. 14. Quasi-static hysteresis of SMA specimen and simulation by polynomial
model.

to elasticwave propagation in this specimenis shown in Figure 16. The strain
gaugelocations are indicated by the thin vertical lines and the leading edge
of the initial loading pulse is shown by the dark line; this pulse reacheseach
oneof the gaugesat the time wherethe dark line intersectsthe vertical lines.
From the timing of the elastic wave arrival at each gauge,the elastic wave
speedwasdeterminedto be 2500m/s. The elasticwave reachesthe far end of
the specimenabout 138¹s after impact. The duration of the loading pulseis
about 90 ¹s ; and hencean unloading pulsepropagatesfrom down the speci-
men with the elastic wave speed(since the unloading is elastic); this wave is
shown by the line with an arrow at the tip. Time zerocorrespondsto the ¯rst
arrival of the loading pulseat the strain gaugein the input bar.

As seenin Figure 15, the strain in the ¯rst two gaugesincreasesrapidly to
a level of about 1.3% and levels o® as the load from the input bar levelled
o®.The oscillations seenin thesegaugesnear the plateau are Pochhammer-
Chreeoscillations that appear in bars. At around 290 ¹s the unloading wave
from the end of the loading pulse reachesthe ¯rst two gaugesand the strain
beginsto decrease;however, becausethe strains beyond 0.3%were the result
of detwinning (seethe quasi-static results in Figure 14), thesestrains are not
recovered and a permanent strain of about 1% is left at theselocations. The
signal in gauge4 clearly indicates the dispersion of the wave - higher strain
levels propagate at signi¯cantly slower speedsand arrive later at the gauge
location. Hencea broadening of the strain pulse can be seen- the peak in
the strain at gauge4 occurs75 ¹s after elastic wave arrival while it occurs in
about 20 ¹s in gauge1. This delay also results in the peak strain not being
sustainedfor too long asthe elasticunloadingpulsereachesthe gaugequickly;
onceagaina residualstrain of peakstrain - 0.3%is left at this gaugelocation.
The samebehavior is seenin gauge5 wheredueto its distancefrom the impact
end, and due to the slownessof the inelastic waves,the peakstrain reached is
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Fig. 16. X-t diagram indicating arrival of the elastic wave front at the gaugeloca-
tions.

only about 0.5%;onceagain a residual strain is left in this location. In gauge
6, the re°ectedwave from the endof the SMA rod (left freein this experiment)
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causesunloadingof the gauge;a very small, but measurablepermanent strain
or detwinning is observed in this location. Subsequent to the test, the rod was
heat treated through a temperature cycletaking it above Aof ¯rst, holding for
1 hour and then cooling below M of and warming back to room temperature.
All strain gaugesrecovered their original state indicating full recovery of the
specimen.

The results of this experiment can be used to extract the dynamic stress-
strain responseby applying the theory of one-dimensionalwave propagation
in plastic rods due to (Rakhmatulin, 1945; Von Karman and Duwez, 1950;
Taylor, 1958). The idea is a simple extension of the rod theory for elastic
waves. Let us assumethat stressis only a function of strain, i.r. ¾ = ¾(").
Then we can rewrite equation 1 in the form

utt =
¾0(" )

½
uxx (51)

Note that this is not an incremental theory, but a total strain theory; therefore
unloading cannot be consideredhere.The wave speedC(") of disturbancesis
no longer a constant as in the linear elastic case,but a function of the stress
or strain:

C(") =

s
¾0(" )

½
(52)

The main result of this onedimensionaltheory is that a givenstrain (or stress)
level will propagateinto the rod with a characteristic speedgiven by equation
52. If the propagationspeedof stresswavesin a one-dimensionalrod is known
(measuredwith strain gaugesasin the experiment discussedabove), equation
52 can be inverted to determinethe stress-strainbehavior of the material:

¾(") =
Z "

0
¾0(³ )d³ = ½

Z "

0
C2(³ )d³ (53)

This representation of the wave speedis usedto extract the constitutive be-
havior of the material (Bell, 1960;Kolsky and Douch, 1962). There exists a
critical point in the stress-straincurve: ¾0(" ) = 0. Strain amplitudes larger
than this cannot propagate through the material. Of course,in the experi-
ment discussedabove, we have not reached this stage;in fact, this would be
of interest in determining the propagationof phasetransformation fronts and
such experiments are in progress.

The propagation speedsof di®erent strain levels were obtained from the re-
sults shown in Figure 15. The time of arrival of di®erent strain levels at each

32



0

500

1000

1500

2000

2500

3000

-1.00E-02-9.00E-03-8.00E-03-7.00E-03-6.00E-03-5.00E-03-4.00E-03-3.00E-03-2.00E-03-1.00E-030.00E+00

Strain

W
av

e 
Sp

ee
d 

- m
/s

Gage 2

Gage 3

Gage 4

Gage 5

Fig. 17. Variation of the wave speed with the strain level as determined from the
strain measurements. The line is an eyeball ¯t to indicate the data trend. Cubic ¯ts
over short segments were used to determine the wave speedcorresponding to each
strain level in the determination of the stress-strainbehavior.

-300

-260

-220

-180

-140

-100

-60

-20

-0.04 -0.032 -0.024 -0.016 -0.008 0
Strai n

St
re

ss
, M

P
a

Dynamic

Quasistat ic
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one of the ¯v e gaugeswere determined from the strain measurements; the
speedof each strain level C(") wasthen determinedfrom the known distances
betweenthe gauges.The variation of the wave speedwith strain level is shown
in Figure 17; a smooth trendline is alsoshown in the ¯gure. The elastic wave
speed is about 2500m/s and all strain levels below about 0.1% travel with
this speed; this suggeststhat there is really no signi¯cant elastic region and
that even small strain levels are susceptibleto dispersion. A large changein
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the wave speed occurs at around 0.3% strain; this corresponds to the onset
of massive detwinning deformation. Beyond this level, the wave speeddrops
to about 1000m/s and varies more slowly. If the averageddata on the wave
speedvariation with strain level is usedin equation53, the resulting numerical
integration provides the stressstrain relationship associated with the detwin-
ning deformation in the SMA rod. Such a relationship is shown in Figure 18.
The scatter in the plot is a result of the averagingof the noisy data in Figure
5.e; the solid line shows the trend of the data.

5.4 Calibration of the model

The Hopkinsonbar experiment wasdoneat room temperature and due to the
heat treatment of the specimenit was in fully twinned martensitic state. As
polynomial model was not designedto model the phenomenonof detwinning
we had to modify someof the parametersin Table 3 in order to obtain the
correct prediction shown on Figure 14.

The necessarymodi¯cations included lowering the martensitic start and ¯n-
ish temperatures M os and M of by 20 ±C. The e®ectof this change a®ects
the way the model seesthe transformation surfaceson the phasediagram.
At room temperature the transformation lines for martensitic start and ¯nish
deviatesigni¯cantly from the almost straight-line approximation of the model
and becomein e®ectparallel to the Temperature axis. If the test temperature
is known in advance,a correct shift in the M os and M f will causethe model
to start and ¯nish transforming the correct detwinning stresslevels ¾s and
¾f . Taking into account that the thermal stressesare several order of mag-
nitude lessthan the elastic onesand that no latent heat is generatedduring
detwinning we e®ectively model the material responseby an isothermal path.
Figure 14 shows that the experimentally measuredstress-strainresponseat
room temperatureand the predictionsof the polynomial model with the above
modi¯cations taken into account are in good agreement.

6 Results and discussion

An indicated earlier, due to a trigger failure, the signal in the input bar was
lost sowehad only the readingsof the six strain gaugeson the specimen.In the
numerical simulation we usedthe readingof the ¯rst gauge(at 10mm) as the
boundary condition and we comparedthe results at the remaining 5 gauges.
Gaugenumber 3 is not includedin the modelling becauseit got ungluedduring
the test.
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We modelled the experimental results in two di®erent ways. First we usedthe
polynomial SMA model with the calibration presented in Section5.4to predict
the strainsat the gaugelocations.Wechosethe adaptiveFEM schemebecause
of its accuracyand abilit y to predict preciselythe positionsof the both elastic
and transformation shocks. Since the only phasetransition was detwinning
of martensite we used the isothermal solver. The results are presented on
Figure 19.

As expected from the model problem studied in section 4.2 the strain wave
splits into elastic and transformation front. The transformation front timing
and magnitudeat all strain gaugesis in excellent agreement with experiment.
The small wigglesobserved at the ¯rst two gaugesare due to surfacee®ects
causedby the impacting projectile. Such e®ectscannot possibly be modelled
within a 1D formulation.

There is a noticeable disagreement in the timing of the elastic fronts. The
reasonfor this is the deviations from linear behavior for small strains. The
polynomial model always predicts a linear response until the beginning of
phasetransition. However an inspection of Figure 14 shows a more oblique
cubic-like stress-strainrelationship for small strain valueswhich is at the root
of the disagreement. To verify this explanation we preformedan independent
numerical run with the hysteresison Figure 14 being modelled by a sixth
degreepolynomial. The curve ¯t was made in least squaressenseand the
unloading is assumedlinear with the modulus of elasticity of martensite as
measuredby the quasi-staticexperiments. The resultsareshown on Figure 20.
This time the wave pro¯les are matched much more closely and the small
disagreements can be attributed to measurement errors and e®ectsof lateral
inertia not included in the simulation.

Two things should be noted about this curve ¯t. First, unlike a constitutive
model based on physical principles such an approach will only work for a
particular SMA material and particular operating temperature. Secondly, due
to the fact that the transformation is mostly detwinning of martensite there
is no signi¯cant releaseof latent heat, sothe quasi-static isothermalhysteresis
can be assumedvery closeto the adiabatic one.

7 Conclusions

We exploredseveral di®erent methods for the numerical treatment of the im-
pact loading problem. Both explicit FD schemesand FEM methods wereable
to accuratelyreproducea known analytical solution to the Riemannproblem.
The FD schemeconsideredare fast and easyto implement and the solution
capturesthe main characteristicsof the wave pro¯le. However the schemepro-
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Fig. 19.And adaptiveFE analysisof experimental data under isothermal conditions.
The ¯rst strain gaugeis usedto de¯ne the boundary condition.
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Fig. 20. And adaptive FE analysisof experimental data under isothermal conditions
and a curve¯t of the hysteresis.The ¯rst strain gaugeis usedto de¯ne the boundary
condition.

duceslarge amounts of numerical dissipation which lead to overly smoothed
solutions. This drawback can be mitigated by careful selectionof the spatial
and time discretization.

As a whole the FEM methods showed a de¯nite advantage in precisionand
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accuracyover FD schemes.The solutionscoincidecompletelywith the analyt-
ical solution with a subsonicshock described in (Bekker, 2001).Further, their
main disadvantage - slow implicit time integration - can be successfullyover-
comeby using adaptive techniques.The useof meshadaptivit y also greatly
increasesthe robustnessof the scheme.

On the experimental side, it has beenshown that an instrumented Hopkin-
son bar can be usede®ectively to evaluate the wave and phasepropagation
characteristics in the SMA rods. Through the use of multiple strain gages,
the phasevelocity at the di®erent strain levels was obtained easily; a defor-
mation theory of plasticity approach was usedto interpret the dispersion in
terms of the underlying dynamic material responseof the material. The ma-
terial and environmental conditions usedin theseexperiments correspond to
a detwinning deformation of the martensitic phase,but the methods can be
easilyadapted to stressinducedmartensitic transformation in tests at higher
temperatures.

Through careful calibration of the polynomial SMA model we were also able
to predict accurately the peakstresslevelswhencomparedwith experimental
results. A much better predictions however are obtained by curve ¯tting the
experimental hysteresis.The main drawback of the polynomial SMA model is
its initial linear responseand the existenceof kinks on the hysteresiscurve.
Further work is required to improve the model and capture more closelythe
detwinning phenomenon.We would also like to point out the needto develop
analytical solutionsto morecomplicatedinitial-b oundary valueproblemswith
the type of nonlinearities introducedby the SMAs.

Finally, we would like to point out the excellent energydissipationcapabilities
of SMA rods. The model study in Section4.2suggeststhat SMAs canbe used
in a very e®ectivemannerasdampingand shock-absorptiondevices.The work
canbeextendedto includemorecomplicated2- and 3-D geometrieswhich will
give true understandingof their potential in that area.
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