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Abstract

In this paper, a three species thermomechanical constitutive model for Shape- Memory Alloy (SMA)
actuators, based on previous work by Boyd and Lagoudas (Proceedings of the 4th International Symposium
on Plasticity and its Current Applications, Baltimore, MD, 19-23 July, 1993) is developed. The three species
that contribute to the specific free energy of SMA are: self-accommodated martensite, detwinned martensite
and austenite. The total martensitic volume fraction is decomposed into two parts: self-accommodated and
detwinned martensite. The dissipation potentials, utilized for the evolution of the volume fractions of the two
parts of martensite, are explicity given for 1-D. The concept of critical stress associated with detwinning of
self-accommodated martensite, is introduced to incorporate the observed phenomenon during cooling of
SMA actuators. The constitutive model described above is well suited for applications in active structures,
because the maximum amount of the detwinned martensitic volume fraction is related to the current stress
and temperature of the SMA actuator. This maximum amount of volume fraction can be reached during
cooling in a constrained structural environment and is determined by the evolution of the internal variables.
A prototype structural example, which is a flexible cantilever beam with an externally attached SMA
actuator, is used to demonstrate the capability to predict the residual deformation and stress upon cooling.
© 1999 Elsevier Science Ltd. All rights reserved.
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Notation

Aos, Aoy stress free austenite (4) start and finish temperature, respectively
A, As current austenite (A) start and finish temperature, respectively
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1 isotropic hardening modulus for self-accommodating martensitic phase transformation
5 isotropic hardening modulus for detwinning martensitic phase transformation ‘
specific heat
E4 EM  Young's moduli of austenite and martens1te respectlvely
E Young’s moduli of matrix materials
G Gibbs free energy per unit mass
H maximum uniaxial transformation strain

Mo, Moy stress free martensite (M) start and finish temperature, respectively
M, M, current martensite (M) start and finish temperature, respectively

Tkl elastic compliance for 3-D, v = 4 or M standing for austemte and martensite, respectively
S elastic compliance for 1-D, v =4 or M
ASiju difference of elastic compliance of martensite and -austenite for 3-D
AS difference of elastic compliances of martensite and austenite for 1-D
50 entropy per unit mass
Asp difference of entropy per unit mass of martensite and austenite
ug free energy at the reference state »
Aug difference of free energy of martensite and austenite at the reference state
To reference temperature
T  current temperature
AT T T,
Yy, Yy, Yy threshold parameter of yielding for transformation
o . thermal expansion coefficient
Aa - difference of thermal expansion coefficients of martensite and austenite
L EM yolume fraction of martensite

flow factor

p density
] rate of internal entropy generatlon
55 ¢ uniaxial total strain, elastic strain, and transformation stram respectively

& €55 €  total strain, elastic strain, and transformation strain, respectively
effective strain
i stress tensor
von Mises stress
thermodynamics force
dissipation potential
i transformation tensor

>6.8 a9 o

1. Introduction

To facilitate the structural application and the design of shape memory alloy (SMA) devices, one
of the key tasks is to develop constitutive relations for SMA. Based on comprehensive experimental
work, different forms of constitutive relations have been proposed for shape memory alloys.
Among others, Boyd and Lagoudas [1] proposed a thermodynamic model which combines and
extends the research of Tanaka [2]; Liang and Rogers [3], Berveiller et al. [4], Ortin and Planes
[5, 6], Patoor et al. [7-9], Sun and Hwang [10, 11], Ranieki and Lexcellent [12], and Graesser and
Cozzarelli [13] to account for non-proportional loading, simultaneous transformation and
reorientation, adiabatic deformation, and combined isotropic kinematic hardening.
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While significant progress has been made in modeling SMA thermomechanical response by
many investigators, each- model has its own limitations. Currently there is no suitable model
available that can predict the residual deformation of structures with SMA actuators upon cooling,
which is observed in the constrained structural environment.

The concept of a critical stress, associated with the detwinning of self-accommodated martensite,
is introduced in the present work into the thermodynamic SMA model developed by Boyd and
Lagoudas [14, 15] to incorporate available experimental results presented by Wayman [16],
Tanaka et al. [2], Howard [17], Shaw and Kyriakides [18] under mechanical loading with
isothermal conditions, and recent experimental results by Bo [19] under thermal loading at
constant applied stress. The experiments show that below a certain applied stress value, the
development of detwinned martensite stops and only self—accommodatmg martensite transforma-
tion develops.

The partial detwinning of marten51te has influence on the performance of active structures with
SMA actuators. For example, Pfacflie et al. [20, 21] showed that flexible elastomeric rods with an
embedded shape memory alloy actuator could not return to their original horizontal position after
cooling from the austenitic state to temperatures below the martensite finish temperature, M;.
A further experimental investigation for similar flexible elastomeric rods was carried out by
deBlonk [22]. It was reported there that a residual deflection of about 10% remained upon cooling
to temperatures below M ;. The observed residual deflection indicated that detwinning durmg the
martensitic transformation cannot be completed when the recovery stress in the structure is below
a certain value.

The same phenomenon is also observed in the experimental investigation undertaken by Hughes
and Wen [23], Shu et al. [24] for a flexible cantilever beam with an SMA actuator externally
attached to the beam with offsets. This structure will be revisited in Section 4, where it is used as
a prototype to demonstrate the usage of the proposed model.

As early as 1993, Lagoudas and Tadjbakhsh [25] anticipated this phenomenon, which was
confirmed by Pfaeffle et al. [20]. Lagoudas and Tadjbaksh introduced a parameter which accounts
for the residual deformation but without describing the underlying mechanism of the martensitic
transformation. Brinson [26], and Boyd and Lagoudas [14, 27] also proposed a formulation which
separates the martensitic volume fraction into temperature-induced (self-accommodated) and
stress-induced (detwinned) parts. In Brinson’s work, the percentage of these two parts has to be
specified in advance to allow for a complete determination of both martensitic volume fractions.
Barrett -and Sullivan [28] introduced the boundaries of the initiation and completion of
phase transformation surfaces. The present work is based on ‘the thermodynamic constitutive
model proposed by Boyd and Lagoudas [14, 27]. The martensitic-volume fraction is decomposed
into two parts: self-accommodated and detwinned martensite, and dissipation potentials are given
for the evolution of both self-accommodated and detwinned martensite. The 'scope of the paper
covers several elements. The first item under discussion is the background information leading to
the proposed model of the SMA in the current work. Next, the explicit form of the 1-D SMA model
is-covered, with the material parameters of the model calibrated from experimental results. It
should be noted that the general formulation of the model in 3-D is presented in'the Appendix.
Finally, an active structure composed of a flexible cantilever beam with an SMA actuator, is used
to demonstrate the capability of the model to smulate the residual deformation and stress upon
cooling. : - : :
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Fig. 1. A schematlc of typical stress versus strain curves of Ni-Ti shape memory alloy, showing the four dlstmct regions
associated with the phase transformation. .

2. Observations on SMA phase transformation

Mechanical loading/unloading tests under isothermal conditions have been carried out by many
investigators for Ni~Ti SMA wires [13,16, 18, 29-32]. The stress—strain curve of polycrystalhne
Ni-Ti SMA alloys can be divided into four regions as shown in Fig. 1.

The elastic region is due to elastic response of twinned martensite or austenite. An 1n1t1a1 plateau,
characterizing the second region, results from the stress induced growth of one martensitic variant
at the expense of an adjacent, unfavourably oriented one. The departure from the initial elastic part
of the stress—strain curve is used to define the detwinning start stress o, at the onset of martensite
detwinning. At higher stresses, there is a third region, which follows the second detwinning region
and it is usually elastic. The corresponding stress that marks the transition from the second to the
third region is defined as the detwinning finish stress 6,. The transition to the fourth reglon is
a result of the onset of irreversible plastic deformation. :

Note that the detwinning stresses are functions of temperature as schemancally shown n F1g 2.
For example, assume a mechanical loading path at temperature above the stress free martensite
start temperature,’ M, and also assume that the temperature is reached by cooling from the
austenitic phase, i.c. the SMA is still austenite at the start of the loading. As seen in Fig. 2, the.onset
of stress induced martensite occurs at..g, which is a function of temperature. As temperature
increases, the four regions of the stress—strain curve shown in Fig. 1 remain the same, but a greater
stress is -required to .induce the martensitic transformation. This is due.to the fact that the
martensite is thermodynamically less stable at higher temperatures.







