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ABSTRACT

The oxidation effects on surface crack development of oxidized Ti-15-3 and -21S
Metal Matrix Composite (MMC) unidirectional laminates under applied transverse tension
loading are investigated in the present study.  An approximate mechanical model is established
and a stress analysis of an oxidized laminate with surface cracks is performed. To simplify the
analysis, motivated by experimental observations, a periodic distribution of surface cracks in
the oxide layer is assumed.  The critical value of the applied mechanical load, which is
necessary for the formation of new cracks as a function of crack density, is calculated for
given oxide layer thickness.  The effective stiffness reduction, caused by the formation of the
surface cracks, is also evaluated.  Finally, the influence of gradient effective properties of the
metal matrix underneath the oxide layer, caused by the diffusion of oxygen, on the stress field
is considered.

1.  INTRODUCTION

Titanium alloy Metal Matrix Composites (MMC) are rapidly becoming the choice of
aerospace engineers because of their high strength, low density and ability to retain
mechanical integrity at relatively high temperatures.  Applications anticipated for structural
components in advanced turbine engines and hypersonic aircraft require the structural
composite to withstand severe mechanical loading and temperature variations. 

Oxidation has been shown experimentally to significantly contribute to damage
development in titanium MMC systems at elevated temperatures (Gabb et al. 1991, Lerch et
al. 1990, Bartolotta and Verilli 1992, Revelos and Smith 1992, Allen et al. 1994, Lagoudas
et al. 1995).  Oxidation severely degrades the composite when a brittle oxide layer on the
titanium alloy develops.  This oxide layer initiates and accelerates damage throughout the
composite. Our own preliminary studies of surface oxidation on SiC/Ti-15-3 MMC
unidirectional laminates verifies the formation of a brittle TiO  layer (Lagoudas et al. 1995).2

A series of experiments were performed to determine the thickness of the oxide layer
formed on the surface of Ti-15-3, Ti- 21S and commercially pure titanium exposed to
temperatures of 600EC to 800EC.  Several of the oxidized specimens were then loaded at
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room temperature under tensile stress.  Fig. 1 is a surface view of a specimen (with cross
section 3.2mm by 0.68mm) of commercially pure titanium exposed to air at 700EC for 10
hours and loaded to a tensile force of 570N.  The developed oxide layer thickness is 5 .
The darker blocks are areas where the oxide layer has peeled off of the metal.  From the
figure, the development of surface cracks appears to follow a regular periodic pattern.  This
observation will be used in the sequel for the mechanical stress analysis model.  We will also
use elastic analysis, because the mechanical load is applied at room temperature and the
damage occurs at low stress levels.

For the stress analysis of composite laminates with periodic cracks, a model first
developed by Hashin (1985) for an approximate evaluation of the stress field and stiffness
reduction is utilized.  Kaveh-Ahangar (1990) and Varna and Berglund (1991), among others,
further developed this model with more general forms of test stress functions.  In the present
work, both polynomial and exponential stress functions are investigated, to model the stress
state in a unidirectional MMC oxidized laminate under applied in-plane transverse tensile
load, with periodic surface cracks. 

Section 2 outlines the statement of the problem and the solution procedure. In Section
3, the critical value of mechanical load is calculated for the creation of new surface cracks as
a function of crack density for  given oxide layer thickness. The effective stiffness reduction
due to cracks caused by the oxidation process is also evaluated. The effect of oxidation
induced eigenstrains is taken into account in the mechanical analysis, and the evolution of
crack density for different eigenstrains is estimated as a function of the applied loading.
Section 4 discusses the effect of the stiffness gradation in the metal matrix due to the change
in the microstructure caused by oxygen diffusion. Finally, conclusions are given in Section 5.

2.  Approximate Stress Analysis for a MMC Laminate with Surface Cracks

Fig. 2(a) shows the schematic of a cross section of an oxidized MMC laminate,
subsequently damaged by an applied mechanical load.  The total thickness of the laminate is
denoted by 2h, while the thickness of each of the oxide layers is b.  It is assumed that the
surface cracks are periodically distributed along the laminate in the direction of an applied
transverse in-plane load, 2N (force/length).  Due to the periodicity and symmetry of the11

mechanical problem, we only need to solve it in a unit cell, as shown in Fig. 2(b). For
convenience, the origin of the coordinate system is set at the center of the material surface
between two adjacent cracks.  The stress field in each material, i.e. oxide and the remaining
composite, is obtained by superposition of the stress fields of two auxiliary problems (Hashin,
1985)

where p = 1 for the oxide layer, and p = 2 for the unoxidized composite domain. The left side
of the equation represents the total stress field, and the two terms on the right hand side are
the stresses for the first and second auxiliary problems, respectively, defined in the next
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paragraph.
The first auxiliary problem is similar to the original problem except that there are no

surface cracks, while the external load is applied.  This is a simple elasticity problem and the
solution can be easily obtained as

where F  and F  are constants.  All other stresses are zero. The second auxiliary problem has1  2

the same geometry with the original one, but the surfaces of the cracks are subjected to an
applied traction such that upon superposition of the stress fields in the two auxiliary problems,
traction free crack surfaces are achieved and the externally applied load is recovered.

In what follows, the main effort will be made to obtain the solution for the second
auxiliary problem which involves the assumption and determination of a class of admissible
Airy stress functions.  For the second auxiliary problem, we therefore assume the Airy stress
functions to be of the following type:

where  , ,  and  are unknown functions to be determined.  The
expressions for the stress components in terms of the stress functions defined above are:

and

where denotes first derivative and  denotes second derivative with respect to the
independent variable.  From global equilibrium in  direction it follows 

where  is a constant. Eq.(6) indicates the dependence
between  and  and therefore reduces the number of unknown functions from four
to three.
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 The traction boundary conditions along result in the following requirements for the
stress components for the second auxiliary stress problem:
at x  = 0 (free surface),2

at  x  = b (oxide metal interface),2

and at  (mid-plane of  laminate),

From the conditions imposed by Eq. (7) , (8) and (9) , respectively, it follows that

The remaining traction boundary conditions at , result in:

The requirements imposed on the unknown functions by the above boundary conditions,
respectively, are:

Without losing generality, from the first condition above one can derive:
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To satisfy the second condition of Eq. (13) and the first and second conditions of Eq.(10), we
have: 

For the test function  the last three conditions of Eq. (10) have to be met. In
the present work two different test functions are investigated that satisfy these boundary
conditions:
i) exponential form

ii)  polynomial form

In the above k is a parameter to be determined. After the test function  is selected, the
only remaining unknown function is  and the parameter k.  To find  and k, the
principle of minimum complementary energy is employed, for the second auxiliary problem
(Hashin, 1985). The total complementary energy of the composite system with the oxide layer
for the second auxiliary problem is given by

where,
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and and are the elastic Young’s moduli and Poisson’s ratios for the oxide layer
and the remaining composite region, respectively.  Explicit evaluations for the constants

 are given in Appendix 1 for both the exponential and the polynomial
cases. The Euler-Lagrange equation for  necessary for a stationary value of U is found
to be

where ,  and  denotes fourth derivative withe respect to
independent variable . The solution of the above ordinary differential equation is of the form

 , where are the roots of the characteristic equation

The constants  are evaluated by using the first condition of Eq.(13) and the second
condition of Eq.(12).  Explicit evaluations for the constants are given in  Appendix 2. After
the function  is determined the complementary energy is expressed as function of the
only unknown parameter left, k. To determine this last unknown parameter, the condition 

has been used.  In present work the value of k has been found numerically from the graph of
U.



cf

S11 ' F11h /N11

S11 ' F11h /N11

7

3. MMC Oxidized Cracked Laminates with Uniform Effective Properties

As an example we deal with a four-ply unidirectional MMC with Ti-15-3 matrix and
SiC fibers. Table 1 gives the individual phase properties used in this study for the Ti-15-3
system as well as the Mori-Tanaka approximation to the effective laminate properties.  In fact,
the composite consists of three different phases, namely, fibers, matrix and oxide. Although
all the individual phases are isotropic materials, the fiber geometry and orientation makes the
composite anisotropic.  In view of the unidirectional and uniformly distributed fibers in the
matrix, one may regard the unoxidized composite as statistically homogeneous and
transversely isotropic in a macroscopic scale.  Therefore, for the purpose of this study, we
assume two material regions: an isotropic oxide layer on the surface, and an effective
transversely isotropic MMC.  Those effective material properties are functions of fiber volume
fraction and individual phase (matrix and fiber) properties and are computed for the
composite laminate using the Mori-Tanaka averaging scheme (Lagoudas, et al. 1991).

Table 1 Thermoelastic constituent mechanical properties 

E (GPa) <

Ti-15-3 92.39 0.32

TiO 282.585 0.282

SiC fiber 413.7 0.20

MMC 138.6 0.35
(transverse)

The computed value for k corresponding to the minimum energy is 0.175/µm in the
exponential case (a) and 0.397 in the polynomial case (b) for material properties given in
Table 1 and the values of the geometric parameters shown in Fig. 2 assume to be  2a=600µm,
b=5µm, c=300µm for  fiber volume fraction  =0.32.

The stress components are computed as functions of position both in the x  and x1  2

(the applied load) directions.  Fig.3 is a plot of the normal stress,  vs. the
position at x = a. The finite element method (FEM) result is also shown in the figures for1 

comparison.  It can be seen that the stress increases sharply when approaching the crack tip
and asymptotically goes to a constant far away from the tip.  The polynomial result is a better
approximation for the FEM result. Fig.4 shows a comparison of the normal stresses

 in the oxide layer.  Obviously the stress distribution assumptions used in this
study are better descriptions of the stress concentration at the crack tip than a uniform
(Hashin, 1985), linear(Kaveh-Ahangar, 1990) or non-singular hyperbolic(Varna and
Berglund, 1991) stress distribution assumption. 
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Table 2  The values of k from the principle of total complementary energy

        b         k         b         k          b        k

       30     0.187      2.5      0.436      0.01      0.495

       20     0.260      1.0      0.457      0.001      0.498

       10     0.344      0.5      0.470      0.0005      0.499  

         5     0.397      0.1      0.486

 Table 2 gives some values of k vs. crack size b holding a and c constant. The limit of
the value of k for the polynomial case when the ratio of b/a approaches to 0 is 0.5,  which is
identical to the conclusion of fracture mechanics.

The cracks in the oxide layer reduce the stiffness of the material, and allow the
material damage to occur more easily.  The reduction generally depends on the crack density.
To investigate the damage procedure, the effective stiffness is evaluated by means of the
energy method.

The complementary energy for the effective medium under tension F  is *

where E  is the axial effective Young’s modulus for the medium, and V is the volume of theeff

RVE.  The complimentary energy of the undamaged material is given by

where  is the axial effective Young’s modulus for the undamaged medium. According to
the principle of complementary energy, we have for the damaged medium

where  is in terms of the admissible stress system, Eq.(18). Combining  Eq.(24) with
Eqs.(22) and (23), gives the following bound for the effective Young’s modulus:
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The normalized effective Young’s modulus, from both this model and FEM, has been plotted
against crack density in Fig.5.  It can be seen that when the crack density  reaches a certain
value (0.8 in this case), the modulus has a significant reduction of up to 14%.

The maximum normal stress in the loading direction has the following value 

By application of the fracture criterion, a new crack will be initiated at the location where the
normal stress in the oxide reaches a critical value, F , which may be stated as cr

In view of Eq.(27), Eq.(26) may be rewritten as

This expression describes the relationship between the applied load and the crack density.
From this relationship, one may find either the crack density under given load condition or the
load necessary, at a given crack density, to create a new crack in the oxide layer.

Because of the phase transformation from Ti-15-3 into titanium oxide and the CTE
mismatch between the two materials, an eigenstrain , , was  introduced in the oxide layer.   

To include this effect into this study, we need to solve the corresponding eigenstress problem.
Considering the RVE in Fig.2, assume that there are no external forces or displacement
constraints, and only the internal eigenstrain exists in the oxide layer.  Assuming that the total
strain  is constant, the normal stresses in the x  direction takes the form:1

while equilibrium of forces requires
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If we solve Eqs.(29) and (30), the normal stress in the oxide layer is obtained as

Since the titanium oxide has a larger CTE than that of Ti-15-3, the eigenstress in the oxide
layer is compressive.

The total normal stress in the x  direction in the oxide layer can be obtained by adding1

the eigenstress, Eq.(31), to Eq.(26).  Consequently, the relationship between the applied load
and the critical stress for the generation of new cracks, i.e., Eq.(28) becomes

It can be seen that the eigenstrain plays a role of mechanical toughening in the oxide
layer.  For example, if the eigenstrain is 0.1%, then it will cause an eigenstress of as much as
-272Mpa for the materials and configuration used in this study.  The significant reduction of
tensile stress greatly delays the generation and development of new cracks.

4.  MMC Laminate with Surface Cracks and Gradient Effective Properties

Although the oxidation resistant Ti- 21S alloy forms a much thinner oxide layer than
Ti-15-3, after similar exposure to the oxidizing environment, it is necessary to investigate the
surface damage of the Ti- 21S alloy. This is because the oxide layer has a larger Young’s
modulus than the titanium alloy (Shackelford et al. 1994), which will cause  stress
concentration, and a lower fracture critical strength, which will cause new cracks in the
oxidized specimen at a lower level of stress than in the specimen of the net alloy itself. 

When the -21S alloy is used as the matrix in a MMC in a high temperature
environment, the phase transformation is not uniform.  Instead, the individual material phases
are functions of position. However, the formation of a brittle alpha enriched zone below the
oxide layer, shown in Fig. 6 for oxidation at 700EC for 72 hours, is responsible for the final
propagation of surface cracks into the composite laminate under mechanical loading. In such
cases, the overall material properties in general are also functions of position.  Therefore in
using the variational approach, the formulation for the mechanical modeling will be different
from what has been discussed for materials like Ti-15-3 in previous sections of this study.  

The result for the first auxiliary problem, namely, the stress is no longer uniform in the
region where the properties are not uniform.  Suppose the Young’s modulus in the metal
substrate varies with thickness and is denoted as E (x ), then instead of using Eq.(2), the 2 2

stresses for this problem are given by:
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where

Due to the fact that the solution of the first auxiliary problem is a function of position, x , the2

evaluation for other stress components via integration of equilibrium equations will become
more complex.  However, the procedure for solving the problem and most of the expressions
remain the same, and the material properties are now functions of position.

As an example, a recently developed $-Ti titanium alloy material, -21S, is to be
considered for the dependence of its Young’s modulus on the location.  Wallace, et al.(1993)
investigated the effect of oxidation on the mechanical properties of -21S at temperatures
of 600EC, 700EC and 800EC.  It was found that the tensile strength and elastic modulus were
degraded by the oxidation exposure.  The microstructure of the material changes with the
oxygen concentration which in turn changes with position. Particularly for the 800EC case,
the increased oxygen content causes the formation of grain boundary " phase as well as the
precipitation of " in the interior of the  grains near the surface where the oxygen
concentration is highest.  In another paper (Wallace, et al. 1990), an experimental result was
obtained for the " Ti content as a function of distance from the oxide/metal interface for -
21S exposed at 800EC.  The "-Ti concentration, c  can be given as a exponential function of"

the distance from the oxide/metal interface into the metal by means of curve fitting.  Since the
microstructures of "-Ti and $-Ti are different from each other, so are their material
properties.  Therefore, if the concentrations of individual phases are functions of position,
then the effective properties are also functions of position.

If E  and E  are Young’s moduli of "-Ti and $-Ti, respectively, then the effective "  $

property  will depend on , in addition to the individual moduli of the two phases.
While the value of E  can be obtained from the literature (Wallace, et al. 1993), E  is not$           "

available.  However, one may find the average value of from experiments (Wallace, et al.
1993), i.e.

Thus, by integrating both sides of Eq.(35) together with the two determined properties, one
may get the equation from which the value of E  can be found.  Table 3 gives the values of"

Young’s moduli for -21S exposed at 800EC for 30 hours. 
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Table 3 Young’s moduli for  -21S at 800EC

 E E  " $

182.8 GPa 69 GPa 89.3 GPa

Here E  and  are taken from Wallace’s experiment (Wallace, et al. 1993).  The value of$

E  can be determined by means of the law of mixture which has the following form:"

The Mori-Tanaka approach (Weng, 1984) has also been used for the evaluation of
effective properties.  The scheme can be briefly described as following:

where L denotes the effective stiffness matrix,  and  are stiffness matrices for "-Ti and
$-Ti, respectively.   is the strain concentration matrix which is given by

 (Lagoudas, et al. 1991), where I is the identity matrix and S is the Eshelby tensor for a sphere
(Mura, 1987).  Here we use a spherical shape for the Eshelby tensor because of the fine
particles of "-Ti phase embedded in $-Ti phase, which can be seen from the experiment
(Fig.6).

Fig.7 gives two estimates of the effective Young’s modulus based on the rule of
mixtures and the Mori-Tanaka approach.  It can be seen that although the former does not
include factors such as Poisson’s ratio and the shape of individual phases as the latter does,
they give close results.

The stress field has been evaluated for the MMC with non-uniform properties, and
compared to the uniform properties case.  In Fig.8 the normalized stress, ,
for both cases has been plotted along the cross-section of the RVE at x =a.  It is obvious that1

the stress increases substantially in the region close to the interface due to the material
properties change.

5.  CONCLUSIONS

For the stress approximation in the cracked MMC, both the variational approaches
with the exponential and polynomial assumptions provide simple yet quite accurate
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approximations of the stiffness.  The latter are better in the composite near the crack.  The
polynomial assumption gives the power of singularity which is identical to the theoretical
results when the size of the crack is infinitely small.  The FEM results have also displayed a
favorable comparison.

Although the titanium dioxide layer (rutile) has a larger stiffness than that of the
MMC, it can not sustain much tensile loading.  Consequently, it breaks very easily under
tension and thus causes overall stiffness reduction.  An estimation of stiffness reduction as a
function of crack density has been obtained and the result shows that the reduction is
significant for thick oxide layers.

Metallic matrix materials such as -21S display non-uniform mechanical properties
after oxidation.  In such cases, the stress field can still be obtained from a modified
approximate model.  The difference between the material systems with uniform properties and
non-uniform properties is substantial, particularly at places close to the oxide/matrix interface
where the stiffness in the matrix reaches the highest value. 
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       (A1-1)

       (A1-2)

(A2-1.a)

APPENDIX 1

Explicit evaluations for constants defined in Eq. (19):

I).Exponential case:

ii).Polynomial case:

APPENDIX 2

The solusion of (20) is more convenient to be given by using hyperbolic or triangle
function forms  instead of using exponential form. Here we give:
I).  :



B1'
2(ucosh(ua)sin(va)%vsinh(ua)cos(va))

usin(2va)%vsin(2ua)
,

B2'
2(vcosh(ua)sin(va)&usinh(ua)cos(va))

usin(2va)%vsin(2ua)
,

u'q 1/4cos
1
2
2, v'q 1/4sin

1
2
2, 2'arctg((4q/p 2&1)0.5).

N1(x1)'B1cos(ux1)%B2cos(vx1)

B1'
vsin(va)

vcos(ua)sin(va)&ucos(va)sin(ua)
,

B2'
&usin(ua)

vcos(ua)sin(va)&ucos(va)sin(ua)
,

u'[1/2 (*p*%(p 2&4q)1/2)]1/2, v'[1/2(*p*&(p 2&4q)1/2)]1/2

N1(x1) ' B1cosh(ux1) % B2cosh(vx1)

B1 '
vsinh(va)

vsinh(va)cosh(ua)&usinh(ua)cosh(va)
,

B2 '
&usinh(ua)

vsinh(va)cosh(ua)&usinh(ua)cosh(va)
,

u'[1/2 (*p*%(p 2&4q)1/2)]1/2, v'[1/2(*p*&(p 2&4q)1/2)]1/2

p 2$4q, p<0

p 2$4q, p>0
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(A2-1.b)

      (A2-2.a)

(A2-2.b)

(A2-3.a)

(A2-3.b)

where  

ii). 

where

iii). 

where 
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 Fig.1   Surface view of commercially pure titanium exposed to air at   
                     for 10 hrs and subjected to a tensile stress (specimen
width.3.2mm);
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Fig.4(a) 
Normaliz
ed normal
s t r e s s ,

, on the
surface of
the oxide
              
         
l a y e r
under the
transvers
e load.
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F i g . 3 ( a )  
T h e

normalized normal stress, , through the thickness 
                at . 
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 F i g . 7  
Effective
s t i f fness
reduction
a s  a
function of
c r a c k
d e n s i t y
(b/a). 

Fig.9 Fraction percent of -Ti as a function of position, based on the              
                   experiment (Wallaace, et al., 1992)
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 F ig .10 
T h e
e f f e c t i ve

Young’s moduli of -21S vs. position, evaluated by                              Mori-
Tanaka method and the rule of mixtures.  
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Fig.11  Comparison of the normalized normal stress, ,  between the
                
  uniform
a n d
g r a d i en t
M M C
c a s e s
( ).
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Fig.8   Microstructructureof -21S oxidized at for 48 hrs.           

                                                               (a)                        
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                                                     (b)       

                            
Fig.2 (a)  The Cross Section of the Oxidized MMC with Surface Cracks;

             (b) The Represent Volume Element of the Model (RVE)
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Fig.4(b)  Normalized normal stress, , on the surface of the            
              oxide layer under the uniaxial load.

Fig
.3(

b)   The normalized normal stress, , through the thickness 
               at  under uniaxial load. 
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Fig.
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The
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method   and average method .
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Fig
. 5 .
T h
e
c o
m p
a r i
n g
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m i
n i
m u
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rgy given by the three types of  test functions.


