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Abstract

The phenomenological SMA equations developed in Part I are used in this second paper to derive
the free energy and dissipation of a SMA composite material. The derivation consists of solving
a boundary value problem formulated over a mesoscale representative volume element, followed
by an averaging procedure to obtain the macroscopic composite constitutive equations. Explicit
equations are derived for the transformation tensors that relate the composite transformation
strain rate to the phase transformation rate in the fiber and matrix. Some key findings for the
two-way SME in a SMA fiber/elastomer matrix composite are that processing-induced residual
stresses alter the composite austenite start and martensite start temperatures, as well as the
amount of composite strain recovered during a complete cycle of temperature and fiber marten-
site volume fraction. Relative to the two-way SME response of stiff-matrix composites, it was
found that compliant-matrix composites: (1) Complete the phase transformation over a narrower
temperature range; (2) Exhibit greater transformation strain during the reverse transformation;
and (3) Undergo an incomplete strain cycle during a complete cycle of temperature and fiber
martensite volume fraction. Due to the interaction of the fiber and matrix during transformation,
macroscopic proportional stressing of the composite results in non-proportional fiber stressing,
which in turn causes a small amount of martensitic reorientation to occur simultaneously with
the transformation.

LIST OF SYMBOLS
Macroscopic Variables

The macroscopic variables are functions of {z;,t}.

p = density



= entropy per unit mass
= internal energy per unit mass
T = absolute temperature

G = Gibb’s energy per unit mass
§
U

71 = entropy produced due to microstructural rearrangements

Y;; = Cuachy stress tensor

E;; =total strain tensor

ELI]) = total strain of deformation
Ef;"' = elastic strain of deformation

Egth = thermal strain of deformation
Eg T = jrreversible strain of deformation

Ef,;t = the transformation strain of deformation
Eg” = reorientation strain of deformation

A}jkl = elastic compliance tensor

A?j = thermal expansion vector

A3 = specific heat

¢! = fiber volume fraction

™ = matrix volume fraction
cMS = average martensite volume fraction in the fiber
(:M M = average martensite volume fraction in the matrix
Tf = average irreversible strain in the fiber

YL’IT ™ = average irreversible strain in the matrix

Mesoscopic Variables

The mesoscopic variables are functions of {y;,t}.

state are

G = Gibb’s energy per unit mass
s = entropy per unit mass

u =Iinternal energy per unit mass
0;; = Cauchy stress tensor

The mesoscopic variables in the deformed

cM = martensite volume fraction

05- = stress that is in equilibrium with the applied tranctions
05“” = residual (eigenstress) due to the thermal eigenstrain
05”7” = residual (eigenstress) due to the irreversible eigenstrain

€;; = total strain tensor

€;; = elastic strain

FZ = thermoclastic, or reversible, strain
efi‘ = thermal strain

EZT = irreversible strain

65- = total strain of deformation

650 = elastic strain of deformation

65“" = thermal strain of deformation



Darr

€, =irreversible strain of deformation

éf? = kinematically admissible thermal strain
é;;“'“ = kinematically admissible irreversible strain
ulD = displacement of deformation

r = heat source, or sink, per unit volume
() =heat rate per unit mass

qi = heat flux vector per unit volume
B = elastic stress localization tensor

b;; = thermal stress localization vector
Mesoscopic Parameters

The mesoscopic material parameters are functions of {y;}. The mesoscopic material parameters
in the deformed state are

p = density

a;‘;}s, af\j/% = austenite and martensite elastic compliance tensors

a;‘}zv af\f 2 = austenite and martensite thermal expansion vectors

a3, aM3 = austenite and martensite specific heats

a’* aM* = reference values of the austenite and martensite entropies

a®, aM5 = reference values of the austenite and martensite Gibb’s energies

b* = kinematic hardening modulus
b" =isotropic hardening modulus
T° = absolute reference temperature

The mesoscopic material parameters in the initial state and the manufactured state are denoted
superscripts 7 and “*7, respectively:

b tg &) 1 “* :

T* = manufacturing temperature

p®, p* = density
, G* = Gibb’s energy per unit mass

G%, G Gibb )

5P, s* = entropy per unit mass

u®, u* =internal energy per unit mass
*

o;; = Cauchy stress tensor

MO M — martensite volume fraction
€, €,; = total strain tensor

e;; = elastic strain

eth®, FZ”‘ = thermal strain

€Y e — jrreversible strain

,Z]
1o ¥ _ Alaatie comnlis P
agirr Qi = elastic compliance tensor
2 .
(13597 a;; = thermal expansion vector

a3®, a3* = specific heat
a*®, a** =reference value of the entropy

2

a®®, a%* = reference value of the Gibb’s energy

2
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The shape memory effect (SME) in monolithic shape memory alloy (SMA) materials can be due
to the transformation between austenite and martensite and/or the reorientation of martensite
variants. In the one-way shape memory effect, an external loading device must be used to bias the
transformation and/or reorientation of martensite variants in order to create oriented martensite.
When the oriented martensite is heated to make austenite, the inelastic strain is recovered. In
the two-way shape memory effect (TWSME), internal (or residual) stresses within the mono-
lithic SMA are used to bias the transformation of martensite variants. Thus, with no externally
applied force, cooling of the austenite produces a transformation strain that is hysteretically re-
covered during heating of the martensite. The residual stresses necessary for the TWSME can be
due to intrinsic defects such as dislocations, grain boundaries, etc. One-way SME materials can
be “trained” to be TWSME materials by cyclically applying thermo-mechanical loads to create
a favorable defect arrangement. Residual stresses in multiphase, or composite SMA materials
can be due to the interaction of the various phases. Therefore, multiphase SMA materials can
exhibit the TWSME even if no phase exhibits the TWSME due to intrinsic defects such as dis-
locations. (LAGOUDAS and TADIJBAKHSH [1992]; ESCHER and HORNBOGEN [1991,1992];
THUMANN et al [1992]). This composite TWSME has recently been studied as a means of
making active structures. Also, it has been experimentally and analytically demonstrated that
SMA fibers in a non-SMA metal matrix can be used to enhance the composite yield strength and

damping capacity (FURUYA et al [1993]; YAMADA et al [1993]).

MURA [1982] has provided a general discussion of the linear elastic analysis of heterogeneous
materials. A common reference in this work is the classical analysis of ESHELBY [1957], in
which he determined the elastic fields inside an ellipsoidal inhomogeneity in an infinitely extended
material. The MORI-TANKA [1973] micromechanics method, discussed herein in section IT1.2.,
is an approximate extension of Eshelby’s method to the case of interacting inhomogeneities. SUN
et al [1991] applied the Mori-Tanaka method to the microscale problem of martensite inclusions
in an austenite matrix in order to derive the free energy and evolution equations for the SME
and pseudocelasticity due to phase transformation under nonproportional loading. The austenite
and martensite were modelled as linear elastic, with identical elastic moduli. The transformation
strain of the moving phase boundaries was approximated by allowing the volume fraction of
martensite to evolve. More recently, RANIECKI and LEXCELLENT [1994] have provided general
equations for the free energy of two phase linear elastic materials with misfitting inhomogeneities.
These general relations were used to propose specific phenomenological constitutive equations
for pseudoelasticity due to phase transformation. PATOOR et al [1991] studied the TWSME
by formulating a microscale boundary value problem that included intrinsic defects, such as
dislocations, and martensite/austenite boundaries. It was demonstrated that intrinsic defects
create residual stresses that can drive the motion of martensite/austenite boundaries.

In section IV of Part I of this two-part paper, thermodynamically based phenomenological consti-
tutive equations were proposed for a mesoscopic (Figure 1) material point. These equations are
a combination and extension of the models of BERVEILLER et al [1991], ORTIN and PLANES
[1988,1989,1991], PATOOR et al [1987,1993], RANIECKI and LEXCELLENT [1994] and SUN
and HWANG [1993a,1993b] that account for the SME and pseudoelasticity with nonproportional
loading, simultaneous transformation and reorientation. adiabatic deformation, and combined
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isotropic and kinematic hardening. The TWSME was not included.

In section II of this second paper, the form of the constitutive equations and the material con-
stants for the point R™*“" in V™% will be mesomechanically derived by first formulating
a boundary value problem over V™% and then using an averaging procedure to obtain the
constitution of point R™*"°. The effects of processing-induced residual stresses are included
in the mesomechanical analysis. The microscale interfacial motion is modelled using the rate-
independent phenomenological constitutive equations of section IV of the first paper, Part 1.
The macroscale constitutive equations are derived using the four-step procedure recommended
by SUQUET [1985,1987]: (1) Identify the representative volume element (RVE); (2) Define the
macroscopic quantities; (3) Perform the localization; and (4) Perform the homogenization. The
representative thermomechanical response of a SMA fiber/elastomer matrix composite is pre-
sented in section III.

Throughout the paper, superscripts denote qualitative description of the associated variable or
constant, whereas subscripts denote tensorial components. There is no summation on repeated
superscripts unless specifically stated by a summation symbol, > . A function H of variables

(71,72, ...) is denoted by brackets as H{T*,T2,...}.
II. MICROTHERMODYNAMICS OF SHAPE MEMORY COMPOSITES

I1.1. Representative Volume Element (RVE)

When viewed under a microscope, a macroscopic material point of a shape memory composite is
seen to be a heterogeneous structure whose average properties over V'"¢*¢ (Figure 1) are equal to
the properties of the macroscopic material. The volume average over V'*? of any field variable
H{y} is denoted by an overbar:

— 1
7—[ - V7neso / H{UT} dV : (1)

For a two phase composite with fiber and matrix phases, the volume average operator reduces to

B 1
- 1/ meso

H / H{y dV = HI + cmH™, (2)

where ¢” is the volume fraction of the fiber (v = f) or matrix (v =m), and H" is the average of
‘H over the volume V" of each phase:

1
HY = — / H{y:}dV , v=f,m. (3)
Vv

%

The initial state at every point in V" is introduced to account for the initial manufacturing
conditions. The initial internal energy is given by

u® = G+ T9s% (4)

[



where

1 1 1 T®
G® = = al® oPs® 2Pe®(T® — T+ 39T —T°) —T® In| —
2 p°plus ikl ™ty "kl peplus "7 ”( ) ( ) T (5)
1 1
4P P 56 T MP\2 4 /7r1“EB 1nrr®d
—a*OTY 4 °% 4 51) (c9)° 4+ 2l AR
The initial strain at every point in V"% is
@ _ edh th® irrd
€5 = €5 T 65 6 (6)
where
ed _ 1 D th@ 269 ® o
€5 = CkiOkl €5 T Gy (T% =1T°), (7a —b)
and Fm@ can be determined by averaging the kinematics of the microstructural rearrangements

@

over V""’C"O. The initial stress, 0,7, is a residual, or self-equilibrated stress:

&

oZ = 0. (8)

19

B

The phases may be separated in the initial state. The phases are subjected to thermomechanical
loading during the composite processing, which takes the initial state to the manufactured state.
The manufactured state at every point in V"*¢*? is characterized by

= G4 T*s", (9)

where

(Y]

% 11 % % % 1 % % % o % % o % T* % B
G* = —§;a,}jkloij0kl pa2 or(T* —=T°) 4+ a®* |(T* =T°) =T ln(F)] —a*T* +a

1
FOT(M) g el

€ij
(10)

and the internal energy of processing, u. is given by
uf = u* —u® = GF 4 T*s* — TP, GP = G*-G?. (1la —b)

It is assumed that 7™ is homogeneous, i.e. T = 0, where the differentiation is taken with respect
to the mesoscale (y;) coordinates. This hmltatlon requires that all phases are brought together

at the same temperature. o7; is a residual, or self-equilibrated stress:

ot = 0. (12)

ij

The strain at every point in V"% in the manufactured state is

% _ex thx* wrrx P ® _  Pe Pth Pnr &)
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where

ex _ 1= * _ _Pe ed _ _Pe 1¢ P wrrx ___Pairr rrd
€j = QO = €5 T 67 = €5 + 07,00 € = €y T, (140 — ¢)
thx __ 2% * oy __ _Pth 26d b 0"

The manufactured stress, o7, could be nonzero even if ;" = ef;” = 0. For example, if the fibers

were elastically stressed by an external loading device, and the matrix was then affixed to the
fibers, and the external loads were then removed from the fibers, a nonzero o7; would result if a}]’-"kl

= ef’;* = (0. The manufactured state is transformed

into the deformed state by the kinematically admissible displacements u?. The deformed state
at every point in V"***? is characterized by

is not spatially homogeneous, even if €

u=G+Ts, (15)
where
G = —%%a%jkl(fijffkl - %a?jmjAT +a’ {AT ~Tin (%)] —a*'T +a° 160 1)
_I_%b7(cM)2 n %bﬁlegr're%r'r 7 AT =T —1T°,

and the internal energy of deformation, v?, is given by

uP = u—u* = GP 4+ Ts—T*s*, GP =G-G*. (17a —b)

D

If the deformation is isothermal, i.e. T' = T, then it is possible to write ©~ in terms of the

entropy of deformation, s?:
uP = GP +T*dsP sP = s—s*. (18a — b)

The strain in the deformed state is

€ij = €57 + EI? + d;r = %(ufj + 'u,f,i) + e = 65 + € = 656 + egth + qu‘w + €5 s (19)
from which it may be seen that
E?je = Efj - Ff; = U'},ju(fkl - U'};MUZZ EZ”T = 1;7 - Z;T* ) (200 — )
egth = FZL — €f§l* = a,(fj (T —-T°) — (1,?; (T* —=T°). S
Also, using (13),
65 =€j —€; = %(u?l + u?l) : (21)

The deformation is assumed to be quasistatic with no body forces, and the equilibrium equations
are given by
oiji =0 in  Vmese, (22)



It is assumed that the temperature is homogeneous within V"¢%?, i.e.

T,=0 (23)

where the derivative is taken with respect to the mesoscale (y;) coordinates. The conservation of
energy (equations (78) and (79) of the first paper) is given by
pl = aijé + pQ . (24)
and it is assumed that the heat flux, ¢;, vanishes:
g =0, — Q=r—q,;=r. (25)

This assumption of local thermal equilibrium allows for the definition of mesoscopic and macro-
scopic entropy as in themostatics. Large thermal gradients within V"'“*¢ can cause mesoscopic
thermoelastic damping that manifests itself through macroscopic viscoelasticity (MOLINARI and

ORTIZ [1987]).
I1.2. Definition of the Macroscopic Variables

The macroscopic extrinsic variables such as free energy, G, internal energy, @, entropy, §, and
dissipation T} are governed by (using (23))

p G =pG, pi = pu, p3=7ps, Th=Tn=T7. (260 — d)
The macroscopic stress X;; is given by

1 / 1 1 1
—(oiryne + ojrying)ds = / —(tiy; +tjyi)ds, (27)
Vmese Joymeso 2 ! ! Vmese foymeso 2077 0

Yij =045 =

where 7, is the traction vector. From (21) and (33), it follows that the macroscopic stress vanishes
in the manufactured state:

The macroscopic strain of deformation, Ebl? , 1s
ED = E,;—E! = — L P Pp)yds = 2 Eij=¢; Ef=¢
g = BBy = e | S(ugng +uyng)ds = €, ij = €ij » L= el
(29a — ¢)

I1.3. Localization Procedure

1 and €]]" are sometimes known as eigenstrains (MURA [1982]). The
mesomechanical derivation of the macroscopic eigenstrains is complicated by the fact that they
are not, in general, equal to the volume average of the corresponding mesoscopic eigenstrains. An

eigenstrain does not volume average if it does not derive from a continuous displacement field. In

Stress-free strains such as €

general
o bl
De , “De Dth Dth Dirr Dirr .
E79 % FL'} s E79 € . E79 7é Fll . (30(1, (,)
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In order to derive equations for the macroscopic eigenstrains, it is necessary to perform a localiza-
tion process in which the mesoscopic fields are derived from the boundary conditions on 9V "¢%°,
(SUQUET [1985, 1987]). The three most commonly used boundary conditions are: (1) Uniform
stresses on 9V"™¢*?; (2) Uniform strains on dV"™°*?; and (3) Periodicity conditions. The uniform
stress condition is used herein:

TN = Bin, on oV, (31)

For the isothermal elastic response, i.e. T = ¢M = eflr = 0, the solution to the mesoscopic
boundary value problem yields the elastic stress localization tensor B;jz;, which is the meso-to-
macro map

‘75 = BijriX Bijri = Liju - (32a — b)

In order to maintain, in the macroscopic space, the definition of eigenstrain as a stress-free strain,
the macroscopic strains must be related to the macroscopic work using the Hill-Mandel macro-
homogeneity condition, a specialized form of virtual work. As a first step in deriving equations
for the macroscopic eigenstrains, the total macroscopic deformation strain Ef]) is decomposed as

E,? — ngp _I_ Eq?ﬂ”?“ — Egé _I_ Eq?fh _I_ Ei??:?“?”7 E}?H"r — E}?t _l_ E7'?1"7 (33(1, o b)

where Eg tand Eg ", are the macroscopic deformational transformation strain and deformational
reorientation strain. The Hill-Mandel macrohomogeneity condition, a specialized form of virtual
work, is written as

U;jez’j = Z;jEi.j ) (34)
where o7, and €}, are arbitrary statically admissible stress and kinematically admissible strain
fields. A special form of the macrohomogeneity condition that is useful in the following derivation
is given by

_ _SE_KA _ vwSA_PF
0= oEs Z”- € (35)

where “SE”, “KA”, “SA” and “PF” indicate self-equilibrated, kinematically admissible, stati-

cally admissible and purely fluctuating, respectively. The stress is decomposed into a part Uﬁ that

R

is in equilibrium with the tractions on V™ and a part o;; that is residual (self-equilibrated):

_ _E R R __ _Rirr Rth *
044 _quj—l'(fijv 055 = 04y —I_Jij —I—Jij? (36(1,—5)
and
E _F—=_y.. R _ Rurr _ ~Rth _ % __ o

The residual stresses in (36) and (37) are called internal stresses within the materials engineering

community and eigenstresses within the micromechanics community. The eigenstresses Uﬁjth and

05’”'"’ are due to the incompatibility of the eigenstrains egth and 65”'"’, respectively. In the
manufactured state, of¥" = ¢/ = 0. In order to apply the macrohomogeneity condition, it is

ij i A
first necessary to define modified eigenstrains, Ef;g , that are kinematically admissible:

~th _ 1 Rth Dth _ 1 Rth 2 2% * o
€y = QuO t ey = g +aG AT —ai (T =1°)

38a — b)
~rr 1 Rurr Dyrr _ 1 Rarr wrr TR (
& = 0gmon e = agnon (e —€)
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The total deformation strain can now be written as the sum of three kinematically admissible
strains:

D _ . * _ K ~th ~irT
E‘ij = 6,0 — 62] = E'ij + Eij + 62] N (39)
where the strain e% is associated by Hooke’s law with the stress 05 as
E_ 1 _E
€7 = @ik10kl - (40)

Note that F - is kinematically admissible because it is the total strain that results from an isother-
mal elastic 1nput Eg . Application of the macrohomogeneity condition results in

ofel =TED,  oteth =NLERT . oterm =NLEDT
= D (41a — d)
[ ]
o€ = 01](6” LJ) ShE
For the special cases in which a” = ?jﬁ or T° = T™*, it is possible to obtain the thermal stress
localization tensor b;; as
o = b AT* bij =0, AT* =T -T*. (42a — c)

Because T° is the mesoscopic reference temperature, and not a constitutive property, it is always
possible to set T° = T™, in which case

T =T, — AT =AT*, = o =b,;AT = bj;AT"* (43)
and T° and AT are now spatially homogeneous in V'™¢%¢, Although (43) simplifies the microme-
chanics problem, additional work may be required to recalculate some of the material constants
in G®, G* and G if T° is changed to T*.

For a two phase composite in which the material properties, eigenstrains, and state variables
are assumed to be uniform within each phase, it is possible to determine the eigenstresses as
a function of the eigenstrains, the stress concentration tensors, and the constituent mechanical
properties (BENVENISTE and DVORAK [1990]). The irreversible eigenstress is

o = Py (et — ) — (e — i) v=fom. ()
where )
[ 1m 1 - .
PZ]fmn - (Illkl - B;)]kl) (a’k77171.n - ak{'m,n) ’ v = f’ m. (45)

Similarly, for a two phase composite in which 7°° is also uniform within each phase, the thermal
eigenstress is

1] ymn mn mn mn

O_Rthv Y. { [(sz (T TfO) . f(T* _Tfo):| _ |:(1‘27n (T TmO) . ’)*m(T* _Tmo):| } ) (46)
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fithe ynless a2V = a?¢ or T/° = T™° = T° = T*.

It is not possible to factor the term AT™ in o;; o i

When (43) applies, (46) can be written as

ot = bLAT* = bl,AT, bl = Plimnladl, —amn) . v=fm. (47a — b)

pmn mn mn

This decomposition scheme can be extended to multi-phase materials in which the fields are
assumed to be uniform within each phase (DVORAK and BENVENISTE [1992]).

I1.4. Homogenization

I1.4.1. Homogenization of the Strains

The mesoscopic Hooke’s law (40) and (32a) yield

E 1 E 1
€7 = Q356101 = a’q‘,jlekl'mnE'mn . (48)
The macroscopic elastic strain can be derived by using the statically admissible stress o, = 05
and (32a) and (48) in (41a) to obtain
De
E’kl - BL}kla,jopBop'mn E'mn ) (49)
from which it may be seen that the macroscopic elastic compliance A}, s
Aklmn - Bl kla Bo mn - (50)
J 1jop /4
The macroscopic elastic modulus could also be determined from (40):
De _ E _ 1 . r
Ekl = € = akl'ijB’Jm”n E'mn; (01)
which yields an alternative equation for Akl -
A, = al DBy (52)
klmn — %klig—wymn -
E

The macroscopic eigenstrains can be derived by using the statically admissible stress ¢?; = o
given by (32) and the K.A. strains (38) in (41b-c) to obtain

7]’)’)’) nomn

ZklElgth = Ekl |:Bukl [O?JAT — CL?; (T‘>< — TO)] + B“kl(l O'Rth

(53a —b)

ZuED7rT — Ekl |:B1]kl( T 11”1“*) + B?]kla' O—R7r1”:| .

2]7nn mn

Equations (53) can be simplified by using (35) to eliminate the volume average of the product
of the kinematically admissible strain ¥z B;jr10;j,,, and the self-equilibrated stresses, thereby
leading to the following expressions for the global eigenstrains:

ERQ™ = Bijula?, AT — a2r(T* —T°)], ER"" = Bijr (™ — i) (54a — b)

)
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from which it may be seen that the macroscopic thermal expansion tensor, A%l is
2 _ o2 EE
Ay = Bijuai; . (55)

I1.4.2. Homogenization of the Free Energy

The total macroscopic free energy per unit total mass, GG, is given by

pG = pG = pGe + pGth + pGe9 (56)

where, from (52)-(58) and (125) of the first paper, the SMA Gibb’s energy for each point in V¢

18

, . 1
ch = pG {O};j,T, CM} = —§azljklcr,,;jam - afja,;jAT,
T 5
pG" = pG"(T, M} = pa® [AT — Tl'n<ﬁ>] — pa* T + pa® , (57a — c)

/)Gmg — /)Gmg{c Mrr} _ [)i) ( ) T 2/)})4 Iirr ;1]1”1“7

and G = ( for points that correspond to an elastic material. The mesoscopic elastic free energy
is averaged first:

1
pG° = — §a%x/k10ij0kl — a0, AT
1 (58)

= - §a2'jkl(BijfmnEmn + o; )(Blvlopz:op + Okl) (L?J (Bijopzjop + Ug)AT .

Because a}jle,,;jmnEmn is K.A. and 05 is S.E., application of (35) leads to the simplified form

pGe = Al SmnSop — Aoy SopT + a2 BijopT® Sop

mnop
1

2

(59)

1 Rz T Rth T Rth 2 Rurr Rth *
a0l + ol + o) (o + ofit + o) = aZ (ol + ol + 07 AT

The eigenstrains can be explicitly included in (59) by combining (13), (14) and (38) to obtain

”5 = (a’zljkl) Y+ an + (”zl;kl)_1€725 - (”‘zljkl) New +ayAT)

- * — V1T % * * (60)
+ [(ailjkl) '—(a },u) 1} [ekl +ag (T — °)] .
For the case in which alljkl = all;»‘kl, the last term in (60) vanishes, and (60) and (35) can be used

R

to rewrite (59) by eliminating the volume average of the product of the S.E. stress o;; and the

K.A. strains €, €77, and €*,. resulting in
’ 17

27 1]
ch = A}nnopz’m”EOP - AipEOPT + 0,2 B7J0PT E
p— , (61)
—|—§(af§r""’ + Of;’th’ + Ufj)(e;;’ — afjAT) .

12



For the case in which T° = T*, (47) can be used to rewrite (59) as

—e _ 1 2
pG — —AmmpEngop — A Xop AT
1 A ,
—§a}]u( olftrr 4 b AT + OZ})(O'MWT + b AT + 03)) — a?j((jfj”” +0i; AT + o) AT .
(62)
For T° = T*, the thermal eigenstrain can be eliminated by using (35) and (38a) to derive,
bt/a;zj (AT)2 — O.]]jth a2. AT = O-ljthef;z — O-]jth(ef';‘b _ aquklo-ll?lth) (63)
== “zlﬂzgmh”fith = zgnbwbkl (AT)?,
which can be used in (62) to obtain
— ]_ 1 2 1 rr rr
pae == 2A"’"0PE"””EOP — AL Yop AT — 9 IJLI(OR + o )(Okl +0%1) (64)
— . 1—
_(ngfm + (7;)( 'ﬂ\]bu + (I ) AT + — 5 ,j]\]bz]bkl (AT)
Equations (38a) and (35) can be used to eliminate term containing the K.A. strain efgl resulting
in
—e _ 1 2
/)G - _Amnopzmnz()}? - AopzopAT
1 1 (65)
D) %/kl(UR”nr +o; )(UMWT + Ukl) + 2aukzbzybkl (AT)

In general, the volume averaged free energy contains coupling terms in the various eigenstresses.

However, the coupling terms between the thermal and the non-thermal eigenstresses vanish be-
2

cause of the term in G containing Oﬁa“AT

When (43) is applicable the macroscopic specific heat, A3, is

pAd = —T - = pa’ — (a’zljklb"?jbkl) T. (66)

The lattice excitation, represented by the specific heat a3, reduces the free energy with increasing
temperature. However, the thermal eigenstresses contribute a positive semi-definite term that is
quadratic in temperature. Thus, thermal eigenstresses appear to a mesoscopic observer as elastic
energy, and to a macroscopic observer as purely thermal energy. The composite will become
thermally unstable, i.e. A3 < 0 at the temperature

—1
T = pa’ (a%jklbijbkl) . (67)

For a two phase composite in which the material properties, eigenstrains, and state variables are
assumed to be uniform within each phase, (44) and (46) can be used in (59) to decompose pG as
[)G Ez]vT (/Mv irrv xz)} — pGP{Z”ﬂT cMUl 1T prh jT (/Mv oY

Ij ()
(68)
+ chLq{T CMU T v O_*U ’ v = f’ m .

ll
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Furthermore, it will be shown that the free energies can be decomposed into a first part that
is obtained by treating the composite phases, such as the fiber and matrix, as pure substances,
for which there is no phase interaction, and a second part due to mixing of the phases, which
accounts for the phase interaction:

G¢ = @Gevrure + Gcwww? Gth — Gthpu'rc + Gth'muv’ GY = Gergpure + Gergmin (69(1,—6)

The mixing energy includes a part due to manufacturing and a part due to deformation. In
general,

pGe{Sy, T, M} # pGe pGM T, MY ot} # pGo (700 — &
a—c
,Ge1g[T CMLﬂ Z;’rv xv} # meg v = fﬂﬂl.
omparison of (56), (57) and (59) with - 1elds
Compari f (56 "7, 1 (59 h (68 70) yield
A ] 11— —
pGePUre S, T, M} = — 5 i S — 0y BT + a2 T° %
~Ne max v 1
ﬁGe " {EL/Tﬂ CM } - ”mn(B'mnkl Imnkl) EL/EM %m (B’mnijj - I’mni;j) ZUT
‘|‘(13n,n(Bmm'j - I7nnij)TO 22] 5
(7Tla — D)
and
. T _ _
pGHhrure(p MUy = pg3 [AT —Tln(ﬁ>} — pa* T + pa’®
(720 — b)
“ . , 1
ﬁGth mix {Tq CMIUﬂ O_Z]p — _anljklo-Rtho-ll?lth _ azg( Rth + O'XU)AT _ ai‘]klagtho-kl .
and
EZ ure () L?”Tl) 1 LII rr
pGeIT T MY T = S pbT (M) + pb‘“ €/l
et1qg mix v 2r7 v *U 1 27T T (2 * * -
pG gmie (. Mo, € ’gij} = —2a}3u05 (ofirr 4 25Kt +20m)—§alljklaijakl (73a — )
Rarr 2

The thermodynamic conjugates to the state variables that chal acterize the deformation can be
derived using the macroscopic free energy, G = G{%;;,T"; cM ”“’“} where ¢ and €;; are fields
within V"*°. Specifically, equations (49) and (54a) can also be derived using

G G \*
EDte — EDP Epth — _ 5 _ . 74
Similarly, the entropy of deformation can be derived using
§P =5 — 4§, §P = ‘;—g §* = (g—g) . (750 — )



For a two-phase composite in which the material properties, eigenstrains, and state variables are
assumed to be uniform within each phase, it is possible to derive closed form solutions for the
thermodynamic conjugate to the field of ¢ as
~ M oG
il

= 5o v=f,m, (76)

and em as

aé aé’eig pure aé’eig mix

ATV _ o ,
S et e + Deiro v = f,m, (77)
K ij 1]
where o
eig pure
—aG _ W l?rrv vb4v Mrrv
P g = PG =
i mi (784 — b)
8Gug ML
P O_Rv _ Rirrv _ _Rthv _ _%v - f m
f OF‘L:’I:’I"U - [ ¥ %] i — Jy e
2

I1.4.3. Homogenization of the Strain Rates
The rate of the macroscopic total strain can be derived using (20), (21) and (29) as

1

EZJ = szeso

1. ' : e .
/av S(ding +igni) ds = B = EJ°+ EJ™ + EZ™. (79)

The strain rates E’ge, Eg“”, and E’gmﬁ can be obtained using either of two methods: (1) By
taking the time derivatives of (49) and (54); and/or (2) By applying the rate form of the macro-
homogeneity condition (41), a specialized form of virtual power. Using the first method. the time
derivative of (49) is given by

E}% - (B1]Lla7]OpBopmn + BZJLZA(LZ]OPCMB()}?WWL + Bz]klaljopBopn@n) Em,n, (8(])

+ B?]kla Bopfm,n Em,n )

1jop

where, using (57) and (58) from the first paper were used. Similarly, the time derivative of (54a)
and (b4b) are

EDHI = Bijkl [(12AT — (1,12:/’-k (T" — 1T )] + BIJMA(I?I(,MAT + B’ijkl(lf%j T s

R L (81)
EDLTT — B;}kl( zrr . er*) +BL}klALIC —|—BL/klE7L] .

For a two phase composite in which the material properties, state variables, and fluxes are assumed
to be uniform within each phase, the decomposition of Em is similar to equation (61a) of the
first paper:

ERm = ERYy BPT (82)
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where
Egt = cngtf + cmEgtm , Egr = cngrf + CmEgrm , (83a — b)
where

SDtv _ Av -Mwo Drv rv U . 4
B = AT, E = Bruijéi » v=fm, (84a — b)

and the macroscopic transformation tensors, A7, analogous to (62) of the first paper, are given
by

]\f = OBI”ZZ] 7‘/‘?“1“]( 1TT*f B A m Bﬂ?] wrrm irrsm
ij T o/ DeMF (€xs € )t klij t+c W(Ekl — €Ll )

(85a — b)
A7n _ aBUU wrr f irrx f m 0 }’v’élJ rrm 2r7 *m B™
L/ C 8CM’"’ (Ekl - Ekl ) +c aCM:,,L (Ekl — €L ) + klij

Alternative equations for the macroscopic strain rates can be obtained using the rate form of the
macrohomogeneity condition. Toward this end, the kinematically admissible strains (38a-b) are
converted to the kinematically admissible rates

-th -1 _Rth 1 :Rth | :2 27

€ij = Qa0 T oo +aAT +ajT (86a —b)
arr .1 Rairr 1 « Rirr T |

Eij — zgklo-kl + ai]klo-kl + ij

The total deformation strain rate can now be written as the sum of three kinematically admissible
strain rates: )
<th arr

-D s - B A o
€ij = €ij = €5 T €5 T €5 (87)
where the strain rate 65 is associated by Hooke’s law with the stress Og as

-E -1 E 1 - E 1 M 1 > 1 -
Eij = aijklo—kl + a’ijklakl - Aa’ijklc Bk,lmanmxn + a':ij]ngk,lmxn/men + aijleklrnJmETnﬂm . (88)

Application of the rate form of the macrohomogeneity condition,

E _ ve pDe _\e Dth ° _ e Dzrr
ot el =3 EC o? =37 E ! = 37 E
17 ‘1,] 1517 ‘ D;j 79 (89(L _ (])
0'1.]65 = 0'1]67] = 2:9E79 .

results in

Elgc - (BZJMA(LZ]OP MB0p7nn + B?]LlayjopBopm,n) 27nn + Bzgkla7]OpBopm71 2771”, (90)

Ebth = (BLJuAa olth 4 BijuAai; AT) M+ Byjiaa; T, (91)

ijop
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and

EkDIf = (BUMAU + BijklA(llljop(f(])%rr) (,Z\/‘[ﬁ EIBT = BU“‘{] . (92a — b)
Comparison of (90)-(92) with (80) and (81) yields the relationships
0= BijklaulljopBopmn: (93)
0= Bukl(exr — EZT*) — Bq,,.klA(L;rst(}MO'ggiTr s (94)
and .
0 = Biju[al,AT — a37(T* —T°)] — Bgrrilab, Mol (95)

I1.4.4. Homogenization of the Dissipation

The macroscopic dissipation, T'7), is equal to the volume average of the mesoscale dissipation:

A o M eff-r __ e M M _ irTr 2ArT
T =Tn=1IeY" 40,7 € = 0567 ppte puris e = 0. (96)
The macroscopic irreversible power, Z,ing'i’”'r, can be introduced into (96) by using the stress
localization tensors and applying (35) and (38b) to obtain

Ao . S Dirr (L arr _ irrs Rirr Rth * O\ 2Arr MM LrT LATT
T _El.’l[Eij Brij (€] — €5 )] oot og)égn — pptte PHij €ij

+
=i | BE" = Bugg ey — ™) | + [0l + o7 4 a5, = ppiyy ) Aig — pp]eM - (97)
>

Rarr Rth * LrT\ AT
(o3 + o o — e

For a two phase composite in which the generalized forces and fluxes are uniform within each
phase, (96) can be written as

Ti = Tefpf + Temem™ = f(feMf + a;f Fr éj;;f ) + ™ (meMm 4 a;f frmgrmy > 0. (98)

Also, in this case (97) can be written as

. . : : : "/ G oG =G
~ Daurr rr 1rT* — v -Mwv — -7
T = Y [Eu — Braij(e)” — € )] —p E (O(:M” + agi“‘vA”) Tl =p e o Cii > 0.
v=Ff ¥ v=f ¥
(99)

Equations (82)-(85) can be used to rewrite (99) as

N - v U v — OG v — Oé M - v RU — Oé T
T = Z [(E«Z:/C Bk — pWAij) - p@cM’“] Mo Z (Ei:ic Bl — PW) € = 0.
ij kl

(100)
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Inspection of (100) and (98) results in

vV v U v —~ OG —~ Oé v .
I = X" By — P oot p@ef;”Aij’ v=f,m, (101)
and
oG
effv __ v vy—1 =
o, = YubBlg, — (") T p—
7 1kl laezgrq) (102)
— EleZ;kl + (Cv)—l(o_girrv un O_Sth v + O_;kjp . pvbﬁlveng’r’v) ’ v = f; m.

III. RESULTS AND DISCUSSION

II1.1. Effective Transformation Temperatures

The composite will begin the transformation when the threshold criterion

L 1
=(2Y")* = ofTIAG + S Aafiuotiol + Aol (T = T°)

(103)

T ;
— pAa®? [(T —T°)=TIn (ﬁ)} + p? AT — p? Aa®? — pUbT0 MY v=f,m,

is satisfied in phase v. When loading thermoelastically from the manufactured state, og”r v =0,

and the composite stress-free (X;; = 0) martensite start temperature, M %, can be obtained by
substituting (36b) and (43) into (103),

vo|=

1 3 . 4 : 1
¢ tvy s v v Ixv lirr *v v Ixv lirr *v ONEN *U

5 2] ) 2]

v v *U 1 v % *U v *vU
+ A} (b, AT + 07 )AT + §Aa§jkl(b;jAT + o) (b AT + 07°)

T 5
_ p’UAagU |:AT — TZ7L <F>:| + p'uA(L4‘UT — p'uAao'U , v = f7 m .
(104)
where b'f]’ =b; — %b;)’pd,-j. Note that the material must be loading in the forward sense:
aHforwardv aﬂf()r'wardv .
4T =
do? 7is + or

]

=

mn mn mn %)

v 3 v ED LT RV v *U irr vy | v *v 1T KU
{ |:H [§(b;71nAT + O—;nn - E;nn )(bl AT + Toom = € ):| (b/LJAT + O—ij — € )
] 17kl

1 1
5100 + M AT + JAaljy(BGAT + a;:}“)} by,

. T .
+ Aa} (bAT +07f) + p* {Aﬁ%(F) + Aa‘*'v]} T >0, v=Ffm.
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Similarly, when loading thermoeclastically from the manufactured state, 05”"’”" = 0, and the
composite stress-free (X;; = 0) austenite start temperature, 12157 can be obtained by substituting
(36b) and (43) into (103),
toy % 2 1 kv _1rr sv _% v Ixv Iy sv\ _Irr xv 1 v (oM *v
_(2Y )2 =H [ (gewm, €mn ):| (bl[AT + 04 — €y )EL/ + §I (bpp AT + Upp)

1 o
+ A0 (VAT + 0 )AT + 5 Aaijy (bGAT + 03" )(MGAT + 07”)

T .
— pAd’’ [AT —TIn (—)] + p’Ad*T — p* A, v=f.m,

TO
(106)
and the material is loading in the reverse (negative) sense:
0]:[7"6’1)67’86 v aH?”FJ’UF)?”Sﬁ' v .
o T =
dov; 7 ar
2 1rr xv _1rr %v _% 1nrrsv 1 v 2v 1 1lv v * Ixv v
2v (v *v v 3v T 4v [
+Aaif (bLAT + o) + p” |Aa™ln T + Aa T <0, v=f,m.

I11.2. The Mori-Tanaka Micromechanics Method

For a two phase composite in which the material properties, state variables, and fluxes are assumed
to be uniform within each phase, the mesomechanics is completed by the specification of Bifjkl
and BZTI’M ESHELBY’s [1957] method, sometimes called the “equivalent inclusion method”, is a
means of obtaining the localization tensors of dilutely reinforced composite materials. The term
“dilute” means that the reinforcement phase is of a sufficiently small volume fraction that the
units of reinforcement, inhomogeneities such as particles, whiskers or fibers, do not interact. The
MORI-TANAKA [1973] method is an approximate extension of Eshelby’s method to the case
of non-dilute volume fractions. Among the numerous references on the Mori-Tanaka method,
we mention WENG [1984], MURA [1982], BENVENISTE [1987] and LAGOUDAS et al [1991].
Both Eshelby’s method and the Mori-Tanaka method predict that the stress and strain fields
are uniform within ellipsoidal inhomogeneities, but not in the matrix. However, the extension of
the Mori-Tanaka method to the case with matrix eigenstrains assumes that the eigenstrains are
uniform in the matrix. Thus, the stress localization tensors given by the Mori-Tanaka method
are only approximate. A simple form of the fiber elastic stress concentration tensor is given by

LAGOUDAS et al [1991]

my( 1m \—1 1 1m \1—1
qujkl = [Liju +c (“ijmn.) (Lrmnop — Smnop)(aoﬁu - a’opkl)] . (108)

The matrix localization tensor B[}, can be obtained from (32b). The solution of the mechanical
problem requires the evaluation of the Eshelby tensor, S;;i;, which is a function of the reinforce-
ment shape and the matrix elastic compliance, a,lj",?, For the special case of ellipsoidal inhomo-
geneities, closed form solutions are available for S;;z;, which is a function of the inhomogeneity

shape and the matrix elastic stiffness (MURA [1982]).
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The incremental approach to inelastic mesomechanics can be formulated in either of two ways.
First, as in the present paper, in terms of an elastic localization tensor, in which case the stresses
are given by

0% = BlaSu + VAT + Pl (e — e ™) = (arm =), v=fom. (109)

If the matrix elastic stiffness is constant, then it is not necessary to recalculate S;;1; even if the
matrix deforms inelastically. Alternatively, the mesomechanics problem could be formulated in
terms of the tangent values of B}, and b}, in which case

oy = B}’jk,i)u + b;’jT v=f,m. (110)
The tangent stress localization tensor is given by (108), but a};’kl in equation (108) is now the
tangent compliance rather than the elastic compliance. The tangent compliance and tangent
thermal expansion vector for the transformation response is given by (108a-b) in the first paper.
Because the tangent stiffness varies during inelastic deformation of hardening materials, it is
necessary to recalculate S, during each load step. Moreover, the Eshelby tensor must be
evaluated numerically because inelastic deformation induces anisotropy in the tangent stiffness
matrix of hardening materials (GAVAZZI and LAGOUDAS [1991]).

In the Mori-Tanaka method, the stress and strain are assumed to be uniform within the fiber, and
the method does not use an actual solution to the fiber interaction problem. As pointed out by
CHRISTENSEN [1990], “there has been no solution to the basic particle to particle interaction
problem in the non-dilute case. In simplest terms the Mori-Tanaka method is an estimate of the
solution form guided only by the requirement of the dilute solution at one end of the concentration
scale and at the opposite end of the scale by the requirement that as co — 1, the effective property
identify with that of the inclusion phase.” For the case of longitudinal loading of composites with
stiff fibers reinforcing a compliant matrix, simple micromechanics methods are known to give
accurate results because the stress state in the fiber is approximately uniaxial (longitudinal) and
spatially homogeneous. However, for the case of transverse loading of “conventional” inelastic
composites, i.e. composites consisting of an elastic fiber and an inelastic matrix, simple averaging
methods are known to be inaccurate because of the complicated stress distribution in the matrix
(LAGOUDAS et al [1991]). For the case of a SMA fiber in an clastomeric matrix, it has recently
(LAGOUDAS et al [1993]) been demonstrated that the Mori-Tanaka results are in excellent
agreement with the results of a finite element solution of the mesoscopic boundary value problem
formulated over a representative volume element of a periodic composite. The simple solution is
accurate in this case because transverse loading results in a relatively uniform spatial distribution
of von Mises effective stress and strain within the transforming fiber.

IT1.3. Representative Thermomechanical Response

The constitutive response of the NiTi SMA fiber is given in the first paper. It is assumed that the
matrix is an elastomer, which is approximated as an isotropic, linear elastic non-SMA material.
In this case, the rate of the fiber elastic stress localization tensor is

dB;. . . .
ikl - M ¢ 1m —1 1 - M
ijkl == —a(j&f C f == —Bifjrscm(argjnn) (Imnop - Smnop) A(LO']];UUBZ'UM] C Y . (111)

20



B 17k can be derived using the rate form of (32b),

. OB/, oB"
Jnf mpm _ _f 1kl Mf m 7]“ Mf
0=c Bzgkl—l_(’ gkl — c aCMf +c aCMf (112)
from which it follows that ;
OB/, o _i aBijk:l (113)
ocMf — em 9eMf
The rate of the irreversible eigenstress is
« Rirrv __ 07321;77171 M _irr f LrTE M pv Af Mf rf o 114
0-1] - aCMj c (Em,n, — €mn ) + ij7nn( + 6mn) 9 v = f7 m, ( )
where
oPy. oB?
f 1 1A 1 1m 1 -1
0(3;}” N |: OC;\JJfg + (Iljkl o Bz)gkl)(alx?;f Ukls’f) Aa s’)ffg (a’frgn'mn - (I‘f];mxn)
DR, (115)
— f Lf 1 alf -1 _
a ( 8c§\J4fg PustA“stfg) (@ fgmn = @ fgmn) " v=fm.
The rate of the thermal eigenstress is
oby. .
ghihe = b2 AT + 00T = a—le MIAT +b)T v=f,m, (116)
where
oby. oBY?
/ 1 1m 1 2 :
0(‘]\7;]? = < e ;\JJ’; fP?UquAa’pZ;w) (ar?;nn_arzmm) ( mf'n ) kalAa’kl U= f m. (117)

Unless otherwise stated, the matrix elastic modulus £, Poisson ratio v, and thermal expansion
coefficient o are

E™ =20 x 10° MPa "™ = 0.45 a™ =750 x 1079/K . (118)

In the following results, the fiber volume fraction is assumed to be 30%, i.e. ¢f =0.30. In addition,
it is assumed that the reference temperature corresponds to the manufacturing temperature, i.e.
T° =T*, so (43) is applicable.

The temperature (equation (67)) at which the composite will become thermally unstable is ap-
proximately 470 K. At this temperature, the stresses required to initiate the martensitic trans-
formation will exceed the dislocation yield strength. As a practical matter, the present theory is
not valid at such high temperatures because it does not include the effects of plastic deformation
due to dislocation movement.
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The composite pseudoelastic response due to transformation, Figures 3a and 3b, is determined
for two temperatures, T = 323 K and T* = 343 K. In each case, the manufactured state is
trivial:

0=cM =i = ot = o1 (119)

Two loading conditions are considered: (1) Isothermal, uniaxial longitudinal stress 0 = X33, ij #
33, for which Y33 vs E?g and X33 vs Ezg are plotted; and (2) Isothermal, uniaxial transverse stress
0 = Yos, 17 # 22, for which o5 vs Eg and Yoo vs E?g are plotted.

Figure 4a corresponds to the same loading conditions of Figures 3a and 3b, but at a lower
temperature, T' = 280K. At this temperature, the composite does not undergo the reverse
transformation during unloading. However, if the composite is heated, the reverse transformation
occurs, resulting in the recovery of the transformation strain. This one-way SME is indicated in
Figures 4a and 4b for the manufactured state given by (119). The macroscopic stress is zero in
Figure 4b, i.e. Y;; = 0. The longitudinally loaded composite begins the reverse transformation
soon after heating, whereas the transversely loaded composite requires substantial heating to
initiate the reverse transformation. This difference between the two cases is due to the irreversible

Rirr that are generated during the forward transformation.

(31;(:);(}11{\‘)0I'()SSCS7 O'Z]

During phase transformation, proportional macroscopic stressing does not result in proportional
mesoscopic stressing. This phenomena is shown in Figure 5, which corresponds to monotonic
transverse stressing (X,;; = 0, ¢j # 22) of the composite with the trivial manufactured state, (119),
and T* = 323 K. Throughout the phase transformation, the reorientation criteria (69) of the first
paper are satisfied. Furthermore, because the fiber stressing is non-proportional, the kinematic
constraint (68) of the first paper allows for simultanecous fiber transformation and reorientation.
At the completion of the forward transformation, eggrf = 0.0500, eggf = 0.0489, and eggf = 0.0011.
The amount of reorientation strain is small because the degree of non-proportionality in the fiber
is small. In contrast, the strong non-proportional loading of Figure 8a of the first paper leads to
significant simultaneous transformation and reorientation, as indicated in Figure 8b of the first
paper.

Figure 6 illustrates the composite’s ability to undergo the TWSME even though the SMA fiber

can only undergo the one-way SME. The manufactured state for Figure 6 corresponds to the case
of completely oriented martensite:

T =280K, MF=10. e =247 =27 =0.050,

_arrxf _ arrxf _ arrsf _xf _ _sm
O=¢€3 * =635 " =€y 0=o0,; =0

(120)

The thermal loading from the manufactured state consists of heating from 7 = 280 K to com-
plete the reverse transformation, during which ¢™/ decreases from 1.0 to 0.0, followed by cooling
to complete the forward transformation, during which ¢™7 increases from 0.0 to 1.0. The macro-
scopic stress is zero, i.e. X;; = 0. The two curves correspond to two different values for the matrix
elastic modulus, £ = 2 GPa and E™ = 4 GPa.

There are four significant features in Figure 6. First, both materials begin the reverse transfor-
mation at approximately the same temperature, i.e. A® is similar for both materials because the
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purely thermal term, pf Aa*/T — pf Aa®7, is the dominant part of (106). Second, the stiff matrix
composite completes both the reverse and the forward transformations over a much greater tem-
perature range. This phenomenon can be explained by considering the flow rule, equation (76)
from the first paper, for the fiber:

f 11 L
SMf 1f —1 o1l - f
¢ = (D —0 + —T 121
(%) (00,{,}- Y or ) (121)
M*fand ej,-f are the same for both curves in Figure 6. Therefore, the hardening term D',

equation (77) in the first paper, is the same in each case. The numerator in (121) is explictly
written in (107), in which bgj is the only term that differs between the two cases. In (107), the

firrsf bf which is larger for the stiff matrix composite, reduces the effect of the

/Mf

positive product €4

large negative ‘r(lm A(14f thereby slowing the reverse transformation rate,
However, for a given M f, , the transformation strain rate

, during heating.

_1
carrf oA f Mf o 2 tirr f _tirr f 2 rirrf .
€ij - Azgc =H |:<§€m/77, €mn €5 (122)
is the same in each case because Af; is independent of stress during the reverse transformation.
The third outstanding feature of Figure 6 is that the composite strain ELZ is greater for the
compliant matrix composite. This is because E'?g = Eﬁc + Egth + Eg%”’ ED° =0, and ED”’,
which is much greater than EE is given by

BRI = By — ) = o Blyg(el = i) (123)
and BZ.7'33 is greater for the compliant matrix composite. The fourth outstanding feature of Figure
6 is that the compliant matrix composite does not complete a strain cycle during a complete cycle
of T and ¢™/. This phenomenon can be explained by considering the fiber transformation strain
rate during the forward transformation:

3 , 1 e
arr f f M _ —e reff f
€& 0 = A ! §H (oI 17 o7, (124)

here Ri Rth ;
le 1127 1itth 153
i;fff — O—lijwrf + o f )fi)4f€i7rrf

_ f irr f wrr x f 2m ! fpa tirr f (125)
= Pi;jkl(ekl — )] [Pb,u(“u Qg )] AT — p’b €

For the compliant matrix composite, the longitudinal component of each of the four terms in
(125) are plotted in Figure 7. The units of time are arbitlaly because the equations are rate-
independent. Near the end of the forward transformation, 03 /71 hecomes zero. In fact, UIRth 4
goes from positive to negative as the temperature cools below T* = 280 K. Subsequent thermal
cycles will result in E?g) being completely recovered with respect to the ESI:))) at the end of the first

cycle.
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In Figure 8, the manufactured state and deformational thermomechanical loading are identical
to Figure 6, except that the effects of the processing induced longitudinal residual stresses aékg
are included in Figure 8. As indicated in Figure 8 and equations (104) and (105), a compressive
(7;::{ lowers A® and raises M %, whereas a tensile (7;::{ raises A* and lowers M*. In this case, (125)
becomes
oIS = ISy GRS | ief _ Fyaf i f
A e N e N Foo2f ami]’ 1ef  f,4 tirr f (126)
= |Piinler  — € )] + [Pijkl(a’kl —ap )| AT o, —plbe; 7,

which helps to explain why EZ is fully recovered with tensile O'E):g , but not with compressive (7;:?]: .

Relative to the monolithic SMA material, the SMA composite allows for greater control of the
transformation parameters. For example, alloying on the microscale of monolithic SMA materials
is commonly used to control the threshold temperatures M*, M¥, A%, Af, where the superscript
“f7 denotes “finish”, not fiber. However, as indicated in Figure 8, it is possible to use the
mesoscale mechanical fields o7 to control the SMA composite threshold temperatures M s, M7,
Darr
(¥ R R
matrix elastic stiffness can be used to control E,Lj) 7 and the temperature ranges (M* — M/') and

A*, A, and the composite transformation strain, F . In addition, as indicated in Figure 6, the

(1215 — Af ). This ability to engineer the mesoscale properties may allow for easy and affordable
manufacturing of active, functionally gradient SMA structures.

IV. SUMMARY

As indicated in Figure 1, the phenomenological equations developed in the first paper were
used in this second paper to mesomechanically derive the macroscopic free energy and dissi-
pation of a SMA composite material. The mesomechanics includes the effects of processing-
induced microstructural changes. For a two phase composite, the macroscopic state variables
are (X;;,T, cMf Mm ezgrf , FZ”") The Mori-Tanaka micromechanics method was used to ob-
tain the fiber and matrix elastic stress localization tensors. It was demonstrated that a SMA
fiber/elastomer matrix composite can undergo the TWSME even though the SMA fiber can only
undergo the one-way SME. Furthermore, it was found that processing-induced residual stresses
can be used to controll the composite austenite start and martensite start temperatures, as well
as the amount of composite strain recovered during a thermal cycle. Relative to stiff-matrix
composites, compliant-matrix composites were shown to: (1) Complete the phase transformation
over a narrower temperature range; (2) Exhibit greater transformation strain during the reverse
transformation; and (3) Undergo an incomplete strain cycle during a complete cycle of T and
fiber martensitic volume fraction, ¢/, Finally, it was demonstrated that during transformation,
macroscopic proportional stressing of the composite results in non-proportional fiber stressing,
which in turn causes a small amount of martensitic reorientation to occur simultaneously with
the transformation.
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E4 =30.0 x 10> M Pa
FEM =13.0 x 10> M Pa
v =0.33
ot =11.0 x 107¢/°C
oM =6.6 x107%/°C
v =7.519 M.J/kg
b* =324.7 x 107 M.J/kg
Aa® =—57.84 x 1075 M.J/(kg°K)
Aad* =—17.00 x 107° M.J/kg
Aa® =3.222 x 107* M.J/(kg°K)
H =0.050
I =0.000
Y* =30.00 (M Pa)?
Y" =5000 (M Pa)?
Discussion. In the case of plasticity, it is well established (Mandel, 1971; Hill and Rice, 1973;

Suquet, 1982) that the global plastic potential is equal to the volume average of the local plastic
potential,

Py o} = P (98)

such that the global plastic strain rate is given by
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Compare to the current case.
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The total strain rate is ( IS THIS VALID FOR TRANSFORMATION STRAIN IN THE MATRIX
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B; ;i1 changes because it is a function of a,}jkl, which is a function of ¢
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Because a,,}]-leijmnEmn is K.A. and (75 is S.E., application of (58) leads to the simplified form
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This next part is interesting, but maybe not really necessary

Equations (62) and (58) can be used to explicitly include the irreversible local eigenstrains in the
global free energy, resulting in

1

p@ - gAinnopZngop - A(z)pZOPT mz
1 T
_|_2( Rzrr + ])UATx + 0- )((:i"'}” + (1%/AT) — ( RMT + bz]AT* + O' )I?IAT (204)
1

__(11131\1 [( %/mn)_l - ((11>< )_ :|( RW? + bl]AT* + U )[F%Z* + (J%’TTL(T* - TO)]

2 1jmn

But note that

b”a2 AT AT* Ethef;t _ O_gth[éf;b _ a’}]klo—klth + a2*(Tx To)] (205)
— a’};klbfjblvl(AT) —+ (LQ*Z)U(T>< TO)AT* .
SRR AR AR AR RS R R RSSOk SRR RSk s R R R AR sk ok
[A)Geig miz — [szklelﬂ m P (IPUUEZW]C fpmuegmn)] (627;7’]0 E;;'rl’rm,)
1
f arrf
_I_2 |:b;n]7 1;7 m +e (bU o . b7n zr'r’m)]AT* (413)
77 (19"" +c (77 a2l —pm a ) (erf AT
13kl 17kl L} 17kl kl kl
Also
/A)éeigpure — Cfpf;b'?f( f) + C7np7n;b7'm( Mm)
(406)
_|_(/f',)f;b4f rirr f ’“”Tf 4 em m%bélmegijrr m gzrr m
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The macroscopic thermoelastic deformation strain is

Epte — EDE + Epth — _l 8(_; o a([)—G) .
* * I p @Zq‘,j 027‘/]' : (800)
ED° = AljjSh E" = ALT — a2, Bopii T°

sk ok sk ok ok sk sk ok ok sk sk sk sk sk sk sk sk sk sk sk sk sk skosk sk skosk skosk sk sk sk sk sk skok sk sk sk sk ok sk sk sk sk sk skok skeskok sk sk sk sk sk sk sk skosk sk okeskok sk skoskoskoskesk

Noting that the stress localization tensor is a function of a}jkl, (306)-(309) can be rewritten as

‘ De OB; 11 0B opmn
Elg = (0(1 k ('%jopBopfmn + qule5t7nn + Bl]kl(lljop07p> A(lqrgf( Efmn
"qrst . qrst (704)
- aa TS
+ BuleL”OpBopmn Ymn where Aaq,&t = 0+Mf
and
Dt aBT'ju (ITT i ~Dr .
Ekl == aa —Aua qrst( — ) + BLJ]JAL‘7 (, Ekl == Bijklet‘j: (705(1 - b)
grst
and
OB
ED™ = {0{1 I Nal, y[0a2, AT — a2 (T* - T°)] + BijklAa?jAT}(}M
‘qrst 8 , (706)
— CL'
—I—Bijklafj T, where 9 M = Aa

Note that Aa} g and Aa - are defined in equations 77 and ?? of the first paper.
AN ol O S Note that

Aal 1 and Aa? .; are defined in equations 77 and 77 of the first paper.
otk ok Rk ok Rk Rk kR Rk kR ok kR R

Now use virtual power:

- th ‘
€ ) 5 [it! M _Rth . Rth o M )
€5 = mk](fk, by U?Jk‘l(fkl "+ (17JAT + (1 T = Aa”k,c o+ (I”k]()'k, + Aai; ¢ AT + ag; T
s 1 Rirr 1 - Rirr i
€ij = GOt 00k TG

(7300 — b)

The total deformation strain rate can now be written as the sum of three kinematically admissible

strain rates: ,
«th arr

D IR B ~ p
i =€y =€+ € +é (209)
where the strain rate eg is associated by Hooke’s law with the stress 05 as
E _ 1 EAx,1 _E_ 1 F 1 :
€5 = a’q‘,jklUklAa’ijklO-kla'qﬁjlekl‘rnnE‘rnn + a’q‘,jlekl'm/nE'mxn (210)
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Note that 6 - 18 kinematically admissible because it is the total strain that results from an isother-

mal elastic 111p11t Eg ¢. Application of the macrohomogeneity condition results in

° De o ° Dth o X __\e Darr
o€ t/ =3 E , rf“ i = 2, E \ (7” i = 2 E \ (2110 — f)
o D __ _ o 11D ’
o€ = 0'7]qu X5E

pGe — Agnnopzmnzop - A?)pEOPT + CL2 B7]0PT E
1 3 : rr 2R * % o 234
+§(O_51rr I 05“” + Ufj){(eij — € )+ [a?jAT + afj (T*—-T )]} (354)
1

_§a’11/.”l'kl(a21;7n7z) (Jkl”nr + J]]}lfh + Jkl)[eﬂnr* + a%;kn (T* - TO)] :

Equation (204) can also be written as

Ge = A,}prmxop — A2 S, T + az_B”opT Yop
1
+2( o +O_Rth + CT )( 1L;I _ a?jAT) (355)
1

_§a’}jkl [(a"%j'm,n)_l - (a};mxn) 1} (O—kl” "+ Oy th + O'M)[E,f?’l;l* + a’g;zkn (T* - To)] :

Note that the last term in (204) vanishes if a}j"k, = a,,}jm. Also,

Rth 2 _ ~Rth th _ Rth th __ Rth 2% * __ T
01] AT Olj 1] - [6 z]klo—kl +CL (T T )]

(356)

[ | Rth Rth Rth 2* * o
= — ;1104 + o hai (T = T°) .

Equation (356) can be used in (355), resulting in

pGe = Al SmnSop — Ay Sop T + a2, BijopT° Sy

mnop —Mmn op

T 1 * u T 1 T *
—1—5(05 —{—05“ —{—07{j) wr— 5(05 +07{j)afjAT
2 , (357)
+2a:ll]lle-RthO-l{:ilth _ §0§th(1,%;~k (T* _ To)
1 * T 3 E3 &
_ia:zl]lvl [(a"il,j'm,n)_l - (a}jmxn) j|(0-kl + 0 th + gkl)[egzz + a%nn(T' - To)]

When (212) is applicable (DIMITRIS: SEE THE NOTE TO YOU ON PAGE 7. a?f = a2 or

1] Ly
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T° =T*), (357) can be rewritten as

pGe = A}W SmnBop — Aoy Sop T + 02, BijopT°Top
1 2T * T 1 LT *
+§(O'£ +b7]AT +U ) 3 5(0—5 +O'ZJ)CL%JAT
1 (359)
+§a,}jklb”bm (ATx)z — §Z)79A1—"’<a%;(1—‘>< — TO)
1 LT * * * * *
_§a'11.jkl [(a’yl,j'm,n)_l - (azl;mn,)_l} (Ulljf + bk’AT + O—}Icl)[egrlz;z + a%nn(T - TO)] :
In this case the macroscopic entropy, s, is
G 9(pa T 1 1 -
pS=—Por = —% = AL+ po? Z”(T ) oSy bRl )
_ .1 : .
_(l’}/kleJblleT —I_ §aglkl [(azljﬁnn)_l - (a};m,n) }bkl[dm* + a?r:n(T* - TO)] .
stkoR sk R kKRR kSRR kR SRk Kk Rk sk RSk K sk ok s kok ok ok ok
In this case the macroscopic entropy, s, is
o 0G (pG T 1 o
S =—Pgr =~ (aT) = A?jE,j + pa3 ln(T ) + pat — 5 €5 bij + 2( ol 4 o} )ad (360)

_a'}jklbiijAT + §a/}jkl[(a}jnnl)_l - (azljmn) bpleirrs 4+ a2:, (T —T°)] .

>k ok sk ok ok sk sk ok sk sk skosk sk sk sk sk sk sk sk sk sk sk skosk sk skesk sk skosk sk sk sk sk skok sk sk sk sk sk skook sk sk sk skoskokeskosk sk sk sk sk sk skosk skosk sk kskok sk skoskoskoskokosk

X T
pc;vthpure{zﬂ7 CMU} - _ pa3 [AT _ Tln<_

To)}_pﬁmpﬁ

~ - , 1l 1 1l—s——F "
ﬁGth 'mu,{T’ CMU} — §a},klbngkl (AT*)Z o 5()7]@37* (T* _ To) AT* — §O_ZJCL72;AT (400& — b)
1

_2 }fkl [( 2Jm")_l o (a?lr;mn) }(bMAT* + Jkl) mn(T* o To)]

and

= AF’?‘ pure v H“r v 1 77’7” wrr
e L A S —067(6 )+ gpbtege;

N 1 . 1— 1
eI (T MY €Y = (0T b AT + o6 — S0 al AT — Shijad (T —T°)
1

_ga}}kl [( 11]77171)_1 - (azljtnn) ](Jklnr + bUAT* + O—kl)ex;?rv*

1

5 0L~ = () 7, (17 =19

(406a — b)
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oB!
15k 1 1A .1 1 —1/.1 1
ac]\l;‘m = _Btfjlb " (I'"”WP - S”’L"LOP) [(OQZ;’Q) Aa ag}g( fglm,n) (a’oguv - (LO;’)TL’U) (852)
1 1A .1
—I_(a’r:;n.n) A(L();TLU] Bijzvkl :
B’IT? ,Bm
OB _ gy OBit _ (853)
dcMf QcMm
P/, oB; .
jmn Ufg f Lm -1 1f 1 -1 '
OeMf - |: OeMf + (I7JM - BL[kl)(a'bglil - abtkl A(thfq:| af,(;bmn - fgmn) (854)
oP); OB}, .
jmn. wjfg f -1 —1A 1 1 -1 f
OcMm - |: QeMm + (Iijkl - B‘i.fkl)((Lsgrlél btkl Aa bzrqu:| (LTZL"L" )‘qmn) (855)
oPm oB™
jmn 1ifg ) 1m -1 1f -1 '
(DCMf B |:_ OCMf + (IUM - BZ?M)(CLQ:ZI - abtkl Aabtfq:| a’fg’mﬂ - fqmn) (856)
oPM B™
5 f , 1m -1 -1
ac%? _ [780;\;[’”9 + (Lijrer — Bija) (agier — (Igfk, Aag,fg} (Ifgm,n fgmn) (857)

The rate of change of the irreversible eigenstress is

v v
é.Rirrv — (O,PU'mn (,Mf + O,PU'””I (,Mm) (EDirrf o EDirrm)

2] deMf g deMm g mn mn (858)
v f MFf crf _ Am Mmoo crm
+7DL}IILIL (Amn + €mn A'rnnc Emn) .

THIS NEEDS TO BE REDONE !! Therefore. the rate of change of the fiber thermal eigenstress
is

abf
ot = T ¢ Myl (1)
where ; ;
Obu - _ 8Bblkl (alm. alf ) (a2f _ a27n )
ac dc M klmn = “Eklmn mn mn (1)
1 1m 1 2 2 2
+ ,PL];qu(lpz;re( rT’mm - (Ir{mn) ((J f - 17:7177) + ,Pz];qu(lnfn

Micromechanical methods of predicting the effective properties of elastic composites include sim-
ple bounding methods (VOIGT, 1889; REUSS, 1929). improved bounding methods (HASHIN and
SHTRICKMAN [1962, 1963]; HILL [1963]; WALPOLE [1966a, 1966b], the classical self-consistent
scheme (KRONER [1958]; BUDIANSKY and WU [1962]), the generalized self-consistent scheme
(CHRISTENSEN and LO [1979], and the MORI-TANAKA [1973] method. The improved bound-
ing methods use variational principles that require the stress-strain response to be derivable from
true potential functions. These methods are therefore of limited use in modelling inelastic compos-
ites because inelasticity usually results in path-dependent material behavior. The self-consistent
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method is ideally suited for the elastic and inelastic (HILL [1965] behavior of materials, such
as polycrystals, in which there is not a clear distinction between the matrix and the reinforcing
phase. Although the generalized self-consistent scheme has been applied to fibrous metal matrix
composites (DVORAK and RAO [1976], the Mori-Tanaka method is computationally more effi-
cient because it is an explicit method, whereas the self-consistent methods are implicit. In fact,
the Mori-Tanaka method is now widely used in the study of inelastic composites (ARSENAULT
and TAYA [1987]; TANDON and WENG [1988]; LAGOUDAS, GAVAZZI, and NIGAM [1991].
A common element in the self-consistent schemes and the Mori-Tanaka method is the use of ES-
HELBY's [1957] solution of a single inclusion in an infinitely extended effective medium or matrix
material, respectively.
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