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ABSTRACT

A combined theoretical /experimental study of the heat transfer in thermoelectric Shape Memory
Alloy (SMA) actuators is undertaken in this paper. A one-dimensional model of a thermoelectric
unit cell with a SMA junction is developed first and the transient temperatures in the SMA are
evaluated for different applied electric current densities. As a first step towards the design of an
actuator, a thermoelectric module is assembled in the laboratory for cooling/heating the SMA.
Transient temperature profiles are recorded for the monotonic heating and cooling runs for two
different materials — copper and SMA (with or without the phase transformation). These recorded
profiles are then compared with the predictions from the model; the agreement is reasonable, par-
ticularly during the cooling process. Temperature profiles are also recorded for cyclic cooling and
heating of copper at a frequency of 0.5 Hz and a good comparison is obtained. Theoretical pre-
dictions for thermal cycling of SMA show that it is possible to achieve a frequency of 2 Hz on full
phase transformation and 17 Hz on partial transformation of 25%.

1. INTRODUCTION

A major impediment in the operation of dynamic structures is undesirable vibrations. In order
to control these vibrations, different high frequency low strain actuators using piezoelectrics have
been proposed [Takagi, 1990, Wada et al., 1990] . Recently, a new class of large strain actuators is
being studied which utilizes the unique solid-solid phase transformation of Shape Memory Alloys
(SMA). These alloys undergo a change in crystal structure from a parent cubic austenitic (A)
phase to a number of martensitic (M) variants either upon cooling, or with application of stress
[Tanaka, 1986]. The reverse phase change occurs, albeit with some hysteresis, on increasing the
temperature and /or removal of stress. These phase changes, triggered by thermomechanical loading,
are accompanied by significant deformations and when suitably constrained, large actuation forces
(about 3 orders of magnitude higher as compared to piezoelectrics) are generated. This effect is
most significant in the Nitinol (Ni-Ti) SMA. The Ni-Ti alloy, or Nitinol, is composed of 50 at.wt.
% each of Ni and Ti (or 55% and 45 % by weight of Ni and Ti respectively).

The phase change in a Ni-Ti SMA is accompanied by a significant exchange of heat with
the surroundings. The transition is intrinsically rate-independent. Therefore, the time rate of



phase transformation is controlled solely by the time rate of heat transfer. Current heat exchange
mechanisms include resistive heating (to trigger the M — A phase change) and cooling with forced
convection (to trigger the A — M phase change). These are not very efficient [Bo and Lagoudas,
1994] and hence any SMA actuator depending on these heat-exchange mechanisms will have a low
frequency response, even though the force of actuation may be quite substantial. A novel approach
to increase the frequency was proposed by Lagoudas and Kinra (1993). Since thermoelectric heat
transfer occurs at the junctions of thermoelectric elements due to the flow of electrical charge
carriers, they suggested that the SMA actuator be used directly as one of the junctions of the
thermoelectric element. This is expected to make the heat transfer process from the SMA more
efficient and consequently increase the frequency of actuation. The thermoelectric heat transfer
problem in the context of such an approach is investigated here.

Semiconductors have been used for localized cooling, employing the thermoelectric Peltier effect.
Depending on the direction of the current, the Peltier effect can be used as a heat sink (refriger-
ation) or as a heat source (heating) [Domenciali, 1954]. Solid state semiconductors have, in fact,
been in use as refrigerators for a long time and thus it was their steady state cooling capability
that was of primary interest. Extensive research has been conducted in that area; a comprehensive
discussion of thermoelectricity and a summary of steady state response of thermoelectric cooling
elements is available [Harman and Honig, 1967]. Interest in the transient response — which con-
trols the actuator frequency — is of more recent origin. Thrasher et al. (1992), among others,
have addressed this problem, but a concerted analytical effort seems to be missing. The work,
herein, seeks to address systematically the issues that arise in the study of the transient thermo-
electric response during a heat exchange process from or to the SMA junction using semiconductors.
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Figure 1: A Proposed SMA actuator

A schematic depiction of a proposed thermoelectrically cooled SMA actuator is given in Fig.1.
A thin plate of SMA is sandwiched between pairs of negative doped (N) and positive doped (P)
semiconductor elements. Two heat sinks are positioned as shown and the entire assembly is con-
nected to a current source. Hach pair of N and P are electrically connected in parallel. When
the current is directed from the N to the P element, the Peltier effect causes a reduction in the
temperature of the SMA; the converse occurs when the direction of current is reversed. With a
change in temperature of the SMA, the desired phase change can be triggered, and if this SMA
plate is mechanically constrained at the sides, it produces an actuation force (indicated symboli-
cally as F'). For simplicity, we analyse the response of a unit cell comprising a single pair of N and
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Figure 2: The Unit Cell

P elements. Such a unit cell is depicted in Fig.2. In this paper we will consider the thermoelectric
transient response of this unit cell subjected to different electric current densities. The mechanical
response is currently under investigation and will be reported in a future communication. Section 2
of the paper provides a one-dimensional (1-D) idealization of the thermal problem in the unit cell.
Section 3 presents the nondimensionalised solution, while section 4 includes a parametric study of
the solution. Section 5 discusses the experimental setup and concludes with a comparison between
the experiment and theoretical predictions.

2. THERMOELECTRIC RESPONSE OF A UNIT CELL

2.1 The Physical Model and its 1-D Formulation

The entire assembly of N/SMA /P elements is flanked by two heat sinks, collectively represented
by the unit cell in Fig.2. It is assumed that all the interfaces are in a perfect thermal and electrical
contact. The sides of the three phases (N, SMA and P) are exposed to the environment and are
prone to convective heat transfer with the surrounding air. An electrical circuit is completed by
connecting the cell to a current source. In general, the thermal problem will be three-dimensional.
However, if the convective heat transfer is minimal it is reasonable to assume that the temperature
varies only along the x-axis, chosen as shown in Fig.2. This allows us to treat this problem as a
one-dimensional (1-D) thermoelectric problem. Before we turn to it, it is desirable to briefly discuss
the thermoelectric effect. For a rigorous review of the theory, the interested reader is referred to
Domenciali (1954).

The flow of electrons (or holes) in semiconductors of the N (or the P) type results in a flow
of electrical current. If two dissimilar semiconductors are in contact to form a closed circuit and
a temperature differential is maintained between the two junctions, an electric current will flow.
This is the well-known Seebeck effect [Domenciali, 1954], based on which thermocouples operate.
Conversely, if the circuit is closed by connecting it to a current source and assuming that there is
no temperature differential to begin with, the flow of current will create a temperature differential
between the junctions where the dissimilar metals meet. This is the Peltier effect, which we propose
to use for the thermal cycling of the SMA. As will be seen subsequently, this effect manifests
itself through the discontinuity of the heat flux at the interface of the SMA with the N and P



thermoelectric elements. In the sequel, an arrow over a letter will denote a vector quantity and
those with a hat will denote unit vectors, unless otherwise mentioned. The inner product of two
vectors, A and B is symbolically written as A.B.

We denote the heat flux vector in the ¢th phase as C}L and define a unit normal, n, in the positive
x direction (as shown in Fig 2). Recalling that the temperature variation is taken along the x-axis

only, we have le = —k; d L ~Lh. The governing equation for the 1-D heat conduction problem then is
0T (z,t) 9 P OT; (x, t) ;

ki——s5— i ]S — hi— T C;i——=—"2, (i=N,S,P), 1

A i = b T, 1) - T = G ), (1)

where the convective heat transfer occuring along the sides of the respective phases has been
approximately included as a source term. For brevity, the SMA is denoted as phase S. The
thermal conductivity of the ith phase is k;, T;(x,t) is the temperature at the location x at time
t and p; is the electrical resistivity of the ¢th phase. The magnitude of the current density is J
and h; is the convection coefficient pertaining to the zth phase. The cross-section of any phase
perpendicular to the x-axis is taken to have a perimeter P and area A, respectively. T is the
ambient temperature and C; is the heat capacity per unit volume of the 2th phase. All material
properties are assumed to be constant, except for Cs for the SMA phase, which is a function of
temperature during the phase transformation.

Unlike a conventional heat conduction problem where the assumption of a perfect thermal
interface implies continuity of temperature and heat flux, thermoelectric heat transfer manifests
itself as a jump discontinuity in the heat flux at the interfaces. When a current J flows from N to
SMA or from SMA to P, heat is absorbed at the interface. This is a unique property found only in
thermoelectric materials and for the stated current direction, the Peltier effect acts as a heat sink
distributed at the interface. We note that the energy absorbed at the interface is proportional to
the interface temperature (in absolute units) and the current density and is exactly equal to the
difference in heat flux coming out of the SMA, C}S, and that conducted into the P, C}p The energy
balance at the SMA /P interface then is (Domenciali, 1954)

(Gs = Gy = (0 = ) (T Tp(Gdsrt) 2)

The parameters ay, and o are known as the Seebeck coefficients of the P and the SMA respectively.
In fact, the Peltier and Seebeck effects mentioned in the beginning of this section are two different
phenomena but are controlled by the same parameter, namely the Seebeck coefficient. A detailed
discussion of the latter is beyond the scope of this paper. Since a;, = 2.15 X 1074 V/K (Melcor,
1992) and a, = 1.2 x 107 V/K (Jackson et al., 1972), the quantity on the right hand side of Eq.(2)
is indeed positive if the current is directed from the SMA to the P. A similar equation for energy
balance is now written for the N/SMA interface as

(Ge = Gu)h = (o = ) () Tl 5 t) g

Since a,, = —a, (Melcor,1992) and J.i > 0, the quantity on the right hand side of Eq.(3) is
negative. Once again, heat is absorbed at the interface. It is now apparent that when N and P
elements are used in pairs and the current is directed from the N to the P, the Peltier effect acts
as a heat sink at both interfaces. On the contrary, if the current direction is reversed, the Peltier
effect acts as a heat source resulting in heating of the junction. Commercially, Bismuth Telluride
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Figure 3: (a) Schematic dependence of C's on temperature and (b) the evolution of martensite
volume fraction, &7, during the forward and reverse transformations.

(Bi-Te) is used in semiconductor applications as it possesses one of the highest magnitudes of a, (=
- @) at room temperature. As an aside, we note that most metals/alloys are capable of displaying
thermoelectric effects. However, like SMAs, their Peltier effect is very feeble compared to that of a
semiconductor; for example, a), = 18«, for the materials under consideration.

At both interfaces, the temperature is taken to be continuous. Thus

1 1 1 1 :
T5(§ds,t) = TP(§dg,t) , Tg(—§dg,t) = TN(—§dS,t) , forall t . (4)

The heat sinks are assumed to be at an ambient temperature, Ty, at all time £. Assuming perfect
interfaces between the P (or N) and the heat sink, the isothermal boundary conditions become

1 1 ; ;
Tp(dp + §d5,t) = Ty and Ty(—dp — §d5,t) =Ty, forall t. (5)

The initial conditions of temperature in the ith phase at any = and ¢ = 0 is stated as

T;(x,0) = T;" () (1=N.S,P), (6)

where Ti" () is the initial temperature distribution in the ith phase.

The heat capacity, Cg, of the SMA appearing in Eq.(1) undergoes a significant change during
the phase transformation (the heat capacity of the solid state elements are taken to be constant).
Before we proceed to solve the heat conduction problem in the context of such a change, we turn
to a short discussion of the heat capacity of the SMA.

2.2 The Shape Memory Alloy

As a SMA is cooled, starting to transform from a parent austenitic phase to a product marten-
sitic phase, it undergoes a change in the heat capacity, C's, during the course of the transforma-
tion. A schematic description of this change with the temperature is shown in Fig.3(a), where



the martensitic start temperature is denoted by M, and the martensitic finish temperature by My
during cooling. This change is sometimes referred to as the forward transformation. The heat
capacities of stable martensite and austenite are slightly different (Jackson et al., 1972); however
both are assumed to be equal in order to keep the analysis simple. The symbol CS‘ represents the
heat capacities of both phases.

The latent heat of the forward transformation is defined as f\ (Cg — C’U)dT it is apparent
from Fig.3(a) that the integral will turn out to be a negative quantlty indicating the exothermic
nature of the transformation. We symbolically represent this latent heat as —H (H > 0). The
reverse transformation from martensite to austenite occurs during heating. The austenite start
temperature is denoted by A, and the austenite finish temperature by A;. The latent heat is
defined as fif(C’s — CY)dT; this integral is positive indicating the endothermic nature of the
transformation. The magnitudes of the latent heat are similar during the forward and the reverse
transformations(Jackson,1972 and deBlonk,1995) and will be assumed identical here for simplicity.
The latent heat of a typical Ni-Ti SMA has been experimentally determined and reported for the
reverse transformation only(refer Fig.65 of Jackson et al, 1972). Using their figure, we numerically
computed H = 0.0618 J/mm?3. Using this value of H for both transformations, we propose an
empirical relation describing the dependence of C's on T'. For the forward transformation, it is

) 2[n(100) o  Ms+My
C CO % U\/Isf]\/ff||T 2 ‘ Mj g T S Ms " (7)
)['
and for the reverse transformation, we have
lrL(lOO) ozn(_1(310f)‘ IT— ASJ;Af |

Cs=Cl+H A <T < Ay . (8)

|As — Af|

For most SMAs, the range My — M, and A; — Ay are disjoint. We defined the variance,o, of the
error between the curvefit and the experimental data as

1 X Co(i) \2 ;
o= N;(l_cl—p(z)> x 100 , (9)
where N is the number of total data points available, C$"P (1) is the experimental measurement of
the heat capacity at the ith measurement of temperature and C (1) is the corresponding curve-fitted
value obtained from Eq.(8) at A, = 44.3C andAy = 62.7°C' (these values are from Jackson’s data).
The variance of this error is about 4.35 %. Therefore, the empirical relation of Eq.(8) simulates the
experimental data of Jackson quite well. Note that this function has been chosen as it describes
the experimental data satisfactorily. It has no other significance.

During the forward (reverse) transformation, the SMA gradually changes with temperature
from austenite to martensite (and vice-versa). The changing volume fraction of martensite has
been modeled empirically by the exponential model of Tanaka (1986), the cosine model of Liang
and Rogers (1990) and very recently by a more fundamental thermodynamic approach of Boyd
and Lagoudas (1994). However, for now, we use the exponential model for which the martensitic
volume fraction, &7, during the forward transformation is given by

In(0.01)

ar M= D| - My ST<M., (10)

Ev=1—exp



whereas during the reverse transformation it is given by

%(AS—T) . A <T<A[. (11)

Since there is no explicit dependence of £y on time, the transformation is inherently rate-independent.
The evolution of £ will depend on how fast 7' changes or how rapidly the heat exchange process
occurs. The nonlinearity in the heat capacity and the evolving volume fraction of martensite will
be needed for the thermal analysis in the last section.

3. THE SYMMETRIC 1-D PROBLEM AND THE SOLUTION

3.1 The Nondimenstonal Symmetric 1-D Problem

The 1-D problem posed in Egs.(1)-(6) will be first solved analytically assuming that the heat
capacity of all phases including that of the SMA is constant. The solution will then be extended
numerically in the last section to include the effect of the change in the heat capacity of the
SMA during the transformation. We recall that «,, = —a,; all other properties of the N and
P semiconductor elements are equal (Melcor, 1992). Recalling that o, ~ 18«,. it would not be
unreasonable to set ay &= 0. For simplicity, we assume that the length of the N and P elements
are identical (dy = dp) and the initial conditions of Eq.(6) are symmetrical about the origin. In
that case, the temperature distribution, in light of the boundary conditions given by Eq.(5) will
become symmetric about the origin if the interface conditions of Egs.(2)-(3) are also symmetric;
this will occur if the net heat flow at the SMA/P and SMA/N interfaces are equal in magmtude
and opposite in direction. In other words, we have to show that (Qb Qp) n = (Q Qn) 1,
where the vector C_jg on the left is evaluated at the SMA/P interface and the one on the right
at the SMA/N interface. This is easily shown to be the case. Assume that the entire system
starts from the ambient temperature Ty at ¢ = 0, when the current is switched on. At that
instant, Tp(%ds./t) = T,L(—%ds./t) = Tp in Egs.(2)-(3). Since oy = 0 and «, = —a,, such a
condition is met. Thus at ¢ = 0, the thermoelectric problem is symmetrical about the origin. This
implies that after every subsequent increment of time (considered as small as we please), the new
temperature distribution will also be symmetrical about the origin and by implication will maintain
the symmetry in the interface conditions of Eqs.(2)-(3)

While convective heat transfer depends on the fluid (to which convection is occurring) and the
geometry of the body (from which convection is taking place), the material of the body is expected
to influence the convection only when it is forced. This is because when convection is forced, the
heat transfer depends significantly on the boundary layer of the fluid that develops at the fluid-body
interface. The thickness of this layer is controlled by the friction at the interface, which in turn
depends on the material the body is made of. However, h, is independent of the material makeup

for free convection. Since the experiments have been conducted under free-convection conditions,
we shall adopt a common A for all three phases (N/SMA/P).

Before the symmetric temperature profile of the constituent phases are given, it is desirable
to non-dimensionalize the governing equations (1)-(6) using non-dimensional groups which are
obtained by the application of the Buckingham-7 theorem (Buckingham, 1914). Unless mentioned
otherwise, an English or Greek letter representing a dimensional quantity will have a corresponding
non-dimensional counterpart denoted by the same letter with an overbar. These groups are listed



below:

-1
- L d?
Normalized Spatial Co-ordinate: z = di , Normalized Time: ¢ = t( ; p> ,
D D
: T T : ! /)
Normalized Absolute Temperature: T = T~ 1, Normalized Current: J =.J dp "ol
0 vpd0
. .. _ Ty P d)
Normalized Seebeck coefficient: & = o,/ —— Normalized Convection coefficient: h = h—-2 |
kppp Aky
- k;,- . . . e . . s
Relative Thermal Conductivity of SMA: k= — .  Relative Electrical Resistivity of SMA: p = Ps ,
Ky Pp
- _ G . : - ds
Relative Heat Capacity of SMA: C' = o Relative Length of SMA: d = 5d (12)
P P

Recalling that due to symmetry of the temperature field about x = 0, we need only concentrate
on the equations pertaining to the SMA /P section of the unit cell (0 < z < 1+ d). The governing
equation (1) for the SMA element then reduces to

_82 T 'E - = = _C; _vt 7 ‘
ff +pJ? — Wy (7,8) = C 9L (3,1) (0<z<d) , (13)
IT ot
whereas for the P it is given by
27 (2.8) )T, (%, 7
9 5_(;)+J2_th(xj):% (d<z<1+4d) . (14)
z

The normalized conditions of the continuity in temperature and jump discontinuity in the heat flux
at the SMA /P interface result in

To(d,B) = Ty(dF)
gD _an(fm AT+ T@dD) . E>0. (15)
ozT o0z

Due to the symmetry of the temperature field, the heat flux at Z = () vanishes for all %, i.e.

9z — 0> >0, (16)
while at 7 =1+,
T,(1+d,1)=0 (17)
The normalized initial conditions are
T(z,0)=T"(x) (i=P,9), (18)

3.2 The Solution

The solution of a one-dimensional heat conduction problem for multiple parallel layers with
perfect interfaces (with continuity of temperature and heat flux) was given by Tittle (1965) using
separation of variables. The solution to our problem represents an extension of their formulation



with the difference that in our case, we have a jump in the heat flux at the interface due to the
Peltier effect, as evident from Eq.(15). Briefly, the linearity of the heat equation allows us to
decompose the solution for the temperature field into a steady state and a transient part. Then,
following Tittle (1965), we solve for the transient component as an infinite series of orthogonal
eigenfunctions; these functions are orthogonalized through the use of certain weighting parame-
ters which turn out to be the heat capacities of the individual phases. As it has been derived by
decomposing the temperature field, T'(xz,t), into a steady state part, T°(z), and a transient part,
T(x,t), it is convenient to present the solution in terms of their corresponding non-dimensional
quantities, T%(z) = T°(z)/Ty — 1 and T°(z,t) = T°(z,t)/Ty. The symmetry of the temperature
field about @ = 0 implies T;(z,t) = T;(—,t). It is then sufficient to give the solution for the
nondimensionalized temperature in terms of the absolute value of z, |z|.

Temperature Distribution in the SMA (0 < |z| < d)

The non-dimensional temperature, Ts(|Z|, ), in the SMA is

T, (1.%) = T2(1al) + T2(1a1. ) (19)
where
o h, pJ>
T2 (Jal) = 2Crcosh | | Flal | + 2 (20)
and

Bysinf,

BT
cos ﬁs n ) CcOS (/37) n [ + J]) cos(ﬁsm,|$|)€ . (21)

T°(|$ t_)—— ifz

Temperature Distribution in the Semiconductor elements (d < || < 1+ d)
The non-dimensional temperature, 7),(|Z|, ), in the P (and N) elements can be written as the
sum of its steady-state component, T (|z]), and its transient component, T (|2, 7), as

T(|zl. ) = Ty (|z]) + T5(|7]. 1) . (22)

with
Ty (7)) = { Vilel (2[”‘3“")} + 75 {1 - eﬁ“*d'l‘)} , (23)

and
D Y e R T L L 24

The parameters C,Cy and B, in Egs. (20),(21),(23) and (24) have been given in the Appendix.

4. THEORETICAL RESULTS
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SMA.

4.1 Constant Cy (i.e. in absence of phase transformation)
The material parameters of the Ni-Ti SMA from Jackson et al. (1972) and that of the N and P
semiconductor elements at the room temperature, Tp = 296K, obtained from Melcor (1992), are
given in Table 1,

a(V/K) k (J/(mm.s — K) p(Q-mm) C (J/(mm? - K))
SMA | 1.2 x 10~° 2.2 x 1072 6.3242 x 10~ 2.12 x10~3
P 2.15 x 104 1.63 x 1073 1.15 x 10 2 4.35 x10°3

Table 1. Material Constants of SMA and Semiconductor elements.

where the value of C' for SMA is synonymous with the symbol C¥ (used in Eqs.(7)-(8)). The
magnitude of the latent heat, H, is taken as 0.0618 J/mm? (Jackson et al., 1972). The martensitic
start and finish temperatures are 23° C and 59 C respectively whereas the austenitic start and finish
temperatures are 29°C and 51° C [Boyd and Lagoudas, 1994]. Incropera and DeWitt (1984) have
given a range of values, 5 — 25 x 107% J/(mm? s-K) (from their Table 1-2, pg.16). It can be shown
from their analysis that given the current experimental conditions of free convective heat transfer
from the N/SMA /P in air, the computed h is approximately 9 x 1075.J/(mm?.s — K). We shall
however choose the highest value in the range, 25 x 1075.J/(mm?.s — K) to assess parametrically
the severity of its effect on the cooling (or heating) due to the Peltier Effect. Using this assumed
value of h to embody free convection in air, we compared the results of the model with that for
h =0 (no convection). The difference is marginal. Such is also borne out by experiments done in
air and in vaccum (no convection). If, however, the model is used to compare with experiments
subjected to forced convection in air; it would be more appropriate to use a h pertaining to the
geometry of the experimental model and the type of the materials involved (that is, use different
h for convection from the surfaces of N,.SMA and P respectively). Once the material properties
and the geometrical parameters are fixed, six of the ten non-dimensional groups are fixed, namely,
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Figure 5: Influence of (a) length, d, and (b) the current density, J on the heating and cooling of
the SMA.

a,h,k,C,pand d (we take P/A=1mm~! and Ty = 296 K). Unless otherwise mentioned, we shall
use the non-dimensional quantities henceforth. We begin the analysis by examining the influence
of the directional effect of the current on the temperature of the SMA assuming that it does not
undergo any phase change (and consequently its heat capacity stays unchanged at C’g)

We now introduce a length-averaged nondimensional temperature of the SMA

N 1 pd _
7. =~ [ T(al Ddlal, (25)
d Jo

where the hat over T, indicates the length average (the hat used here is not to be confused with
the one used for an unit vector). This average temperature is a function of time; for brevity,

however, we write it as T, and not Ts(t). The average temperature will become especially useful
in numerically solving the thermoelectric problem when Cy is no longer constant (i.e. during phase
transformation); this will be discussed in detail in the next section. For now, we examine the
evolution of the average temperature with time, for a constant value of C's. Such a dependence
has been displayed in Fig.4 against the time, , at two levels of the current density, .J, both at
the same value of the SMA length, d = 1 and a Seebeck coefficient, @ = 0.854. The lower solid
curve corresponds to a positive J (J is positive when it is directed from the N to the P) and the
upper solid curve corresponds to a negative J. In the former case, the Peltier effect acts as a heat
sink and competes against the Joule heating, resulting in a net temperature decrease below the
ambient. In the latter case, the Peltier effect acts as a heat source and reinforces the Joule heat,
causing a sharp increase in temperature. In order to bring into sharper focus the influence of the

Peltier effect, these curves can be compared with the dotted curve drawn for & = 0 and J 7 0.618
(since the Seebeck coefficient is set to zero, the only remaining heat source is the Joule effect, which
is independent of the direction of J). The magnitude of the temperature differential between the
dotted curve and the upper solid curve at any ¢ is much larger than that for the lower one.

The length of the SMA, d, is expected to have an influence on the extent of its cooling or

11
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heating. The average temperature, j_"g, of the SMA has been presented as a function of the time
t in Fig.5(a), at two values of d, and two values of the current, J = 0.618 and —0.618, shown as
solid curves and dash-dot curves, respectively. As expected, a smaller d (or thinner SMA) is seen
to result in a higher temperature change over a given length of time.

The magnitude of the current density, .J, also has a noticeable influence on the cooling or heating
of the SMA. We examine such an influence in Fig.5(b). The solid curves correspond to increasing
values of J (or increasing current density, J) resulting in increasing cooling. This indicates that
the Peltier effect predominates. However, for J = 1.545 (or .J = 5 Amps/mm? for the considered
material properties and d, = 2mm) corresponding to the dashed curve, though the cooling is com-
paratively higher and faster initially, the temperature, however, subsequently increases with time.
A possible reason for such an occurrence (not a conclusive proof) is that if the current density
increases beyond a certain value, the Joule heating causes significant distortion in the temperature
profile; as a result, heat flows back into the SMA (C_jsfb < 0 for J.a > 0) rather than out of
it. Hence, a fﬁg — t curve could have a turning point if J is high enough, marked by the point

aert L = .
(T'¢ ,t") on the dashed curve. When the current direction is reversed (J < 0), the Peltier effect
now reinforces the Joule heating and no such turning point is observed, as is apparent from the
monotonically increasing dash-dot curves in Fig.5(b). It is of interest to see how the critical point
aert L _ S
(T'¢ ,t") depends on J. Such a critical point is located by numerically finding the value of T'g

_ A . ~cre o
and t for which %5- = 0. We plot in Figs.6(a) and (b) the dependence of T'¢ and ¢, respectively,
on J, up to J & 6 (corresponding to J = 19.35 Amps/mm?); only those points are plotted for

which the critical time, £, is less than an arbitrarily chosen ! = 3 (corresponding to t = 32s,
acrt
in this case). It is interesting to see from Fig.6(a) that while the magnitude of T'¢ decreases

monotonically with increasing J (due to the increasing dominance of the Joule effect over the
Peltier effect), " decreases too. This is especially relevant for the frequency of actuation; at high
current densities, it is possible to cool the SMA very fast, although the extent of cooling decreases.
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Figure 7: Schematic depiction of the changing heat capacity of the SMA during the phase trans-
formation and its incorporation in the heat conduction problem.

4.2 Variable Cs (With phase transformation)

Till now, we have assumed that the heat capacity of the SM A remains constant. However, during
a complete thermal cycle of heating and cooling, the SMA undergoes a phase transformation, with
a change in its C'g, as given by Eqgs.(7)-(8) and schematically depicted in Fig.3(a). Solution of
such a problem incorporating a non-linear dependence in C's is intractable, even in the 1-D case.
Here, we approximately incorporate such a dependence by making a reasonable assumption that
the Cg of the entire SMA is a function of its average temperature, computed from Eqs.(25) and
(19), through Eqs.(7) and (8), for the forward and reverse transformations respectively.

The computational methodology to generate a complete thermal cycle will now be given. Start-
ing from a fully martensitic SMA, the temperature profile of the SMA is computed from Eq.(19)
for J < 0, with 79" (%) = 0 in Eq.(18) (i.e. the entire system starts from the ambient). When the
average temperature of the SMA (computed from Eq.(25)) reaches Ag, the entire SMA is taken to
be at the onset of the reverse transformation, M — A. The corresponding time, t (or ), and the
spatial temperature profile, Tj(z, f), at that instant is recorded. Such a situation is depicted on the
schematic curve in Fig.8 as the point A. The heat capacity at that point is marked as C’SA We now
intend to march the solution ahead in time incrementally by At (yet unknown, or A# being the
increment in non-dimensional time) such that the average dimensional temperature in the SMA
increases incrementally by AT to A; + AT, marked as the point B in Fig.7. At this temperature,
the heat capacity is labeled as C’SB. This amounts to discretizing the curve of C's —T. We choose
AT = 0.44°C; the discretized curve appeared visually identical to the original, in Fig.7. It is the
simple average of C’? and C’g which is used as the new heat capacity of the SMA to compute a new
temperature profile by Eqs.(19) and (22) using T/" (%) = T;(7, ), where T;(7, ) was the normalized
temperature profile at the onset of transformation (corresponding to point A in Fig.7 at normalized
time £). It is with this new value of C'g that we iteratively solve for the incremental time, At, at
the end of which the average dimensional temperature in the SMA, TS, reaches A; + AT. The
bisection method is chosen as the numerical scheme; the convergence criterion was based on an
error defined by T, — (As + AT) =~ 1 x 1075, The entire process is then repeated over incremental
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Figure 8: Comparison of the cyclic cooling curves of a SMA undergoing a phase transformation
with one without a phase transformation.

changes in the average temperature (ensuring convergence at every step) until it reaches A; and
the transformation is fully completed. This process is further continued but now with a reversed
value of J (J > 0) to trigger the forward transformation.

For J = 0.618 (or J = 2Amps/mm?) the results of such a computation are shown in Fig.8
for a SMA undergoing a phase transformation (solid curve) or without (dash-dot curve) a phase
transformation. The period of one cycle almost doubles due to the latent heat exchange accom-
panying the phase transformation and thus the change in the heat capacity is seen to contribute
significantly to the time period for the thermal cycling.

The period of thermal cycling is dependent upon the volume fraction of the new phase that
is formed. The cyclic curves in Fig.8 correspond to the situation in which the entire material
is assumed to transform during the forward and reverse transformations. Starting from a fully
martensitic SMA, the volume fraction of the martensite during the reverse transformation can
be found from Eq.(11). The reverse transformation can be halted at a temperature below Ay, at
which the untransformed martensite can be found from Eq.(11), and is denoted as &j7; the austenite
formed will have a volume fraction 1 — &yy. During the forward transformation, it is this volume
fraction of austenite which undergoes the phase change to martensite. Thus instead of using Cj
from Eq.(7) directly in the thermoelectric problem, a weighted value,&yC? + (1 — &y/)Cl, is now
used, during the forward transformation.

We display the change in volume fraction of martensite for &3y = 0.25, 0.5 and 1 and the
associated cyclic temperature profile in Fig.9. The first case of 25% partial transformation is shown
as a solid curve whereas the latter two cases corresponding to 50% and 100 % transformation are
shown as dash-dot curves. It is seen that the time period of one cycle for full transformation,
ranging from A to B in Fig.9(a), reduces by 50% for the partial transformation to 3 = 0.5 and by
about 70 % for a partial transformation to £3; = 0.25. The thermal cycling consequently accelerates
as it occurs within a shorter temperature range, as is evident from Fig.9(b).

It is evident that a higher frequency of actuation can be obtained only for a thinner SMA, at
a high current density and with partial transformation. In order to get a feel for the dimensional
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Figure 9: (a) Change in volume fraction of martensite and (b) cyclic temperature profile of SMA
with partial and full transformation.

(rather than dimensionless) quantities involved, we plot the temperature T(0,t) versus time t in
Fig.10 for a SMA with thickness ds = 0.5 mm, and at a (easy to realize) current density J =
2.5 Amps/mm?. Tt is seen that with full transformation the frequency is around 2 Hz, which
increases to approximately 17 Hz when only a partial transformation of 25% is allowed.

Before concluding the parameteric study, it would be worthwhile to compare thermoelectric
cooling with commonly used cooling mechanisms of natural and forced convection. We assume that
a plate of SMA with thickness, d¢ = 1 mm. commencing with a uniform temperature of 100°C,
is being cooled by three different methods: (a) thermoelectric cooling, (b) natural convection with
h = 25 x107% W/(mm? — K) and (c) forced convection with h = 200 x10~% W/(mm? — K)
(Incropera and DeWitt, 1984). We make explicit the boundary and initial conditions for all three
cases. With regard to the former (and referring Fig.2), we assume that at t = 0, the entire setup
is at the ambient temperature, Ty = 25'C, except the SMA which is at 100°C. For the purpose
of this comparison that the “exposed” edges of N/SMA/P are insulated, thus setting A = 0 in
Eq.(1). The evolution of the temperature at a current density of J = —0.625Amps/mm? is shown
in Fig.11. The second case involves removing the N and P elements from the SMA and letting it
cool from an initial temperature of 100°C. As before, h = 0 on the thin edge of the SMA, but we
allow convection on the two surfaces of the SMA originally in contact with the N and P. Thus, the
1-D formulation for this problem is described by Eq.(1), only for the SMA, with J =0,hs =0. At
x = %dg, |@5ﬁ| = h,(Ts(x,t) —Tp). For cooling with natural convection, we use h), = 25 x 1076
W/(mm?-K) and that with forced convection, we have h, = 200 x 107°W/(mm? — K) (Incropera
and DeWitt, 1984). It is seen from Fig.11 that thermoelectric cooling is relatively faster and reaches
a temperature low enough to ensure a phase change.

5. EXPERIMENTAL RESULTS AND COMPARISON WITH THEORY

In order to verify the theoretical model for the thermoelectric cooling and heating described in
the previous sections, experiments were conducted using a commercially available semiconductor
material, namely, Bismuth-Telluride (P or N). The thermal load consisted of a rod of square cross-
section made of either copper or Nitinol.
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Figure 10: The predicted cyclic temperature-time plot of the SMA for full and partial transfor-
mation to 25%. The parameters used are: J = 2.5 Amps/mm?, dg = 0.5 mm, d, =d, = 2 mm,
a, = —a, = 2.12 x1071V/K.

Figure 11: Comparison of thermoelectric cooling with natural and forced convection.
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Figure 12: Schematic of the Experimental Setup

The schematic of the experimental setup is depicted in Fig.12. The DC power supply consists of
a current source. The purpose of the current reversal switch is to achieve both cooling and heating
using the same power supply. The temperature measurement system, consisting of a thermocouple,
an amplifier, a digital oscilloscope and a personal computer, is used to record the transient thermal
response of the thermoelectric element.

In our studies, the commercially available semiconductor elements (P and N) used have a
square cross section of 4 X 4 mm and a length of 2.12 mm. The thermal load has the same
cross section as the semiconductors, with the length being 6.22 mm for copper and 5.41 mm and
1.19 mm respectively, for the two samples of Nitinol. In order to simulate isothermal boundary
conditions, we used two big blocks of aluminium as the heat sinks. For calibration purposes, the
temperature of the heat sinks was also measured using thermocouples, and was found to remain
constant to within 1° C throughout the experiment. In our theoretical model, it was assumed
that the interfaces are thermally perfect. In other words, there is no contact resistance which
causes heating at the interfaces between the thermal load and the semiconductors. Therefore, for a
reasonable comparison it is important to minimize such heating effects in our experiments. In the
case of copper, the interfaces do not present a problem since they were tin-soldered. However, in
the case of Nitinol, it was found impossible to tin-solder Nitinol to bismuth-telluride. Therefore,
we simply cleaned the surfaces using acetone and assembled the element with only a mechanical
coupling between the interfaces. The cooling element is sandwiched between the heat sinks which
are held together by the pressure applied using a C clamp.

For the transient temperature measurement system, a fast response thermocouple (with a typical
response time of 2- 5 ms) together wih an amplifier (with a response frequency of greater than 100
Hz, a gain setting of 100, and an automatic cold-junction compensation) is used. The output from
the amplifier is fed into a Tektronix digital oscilloscope. The error of this transient temperature
measurement, when properly calibrated with boiling water, is estimated to be 1 K.

A silicon paste which has high thermal conductivity, but low electrical conductivity, is used to
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Figure 13: Comparison of the heating and cooling curves between experiment and prediction, for
Copper, with |J| = 0.655 Amps/mm?.

connect the thermocouple and the thermal load. Due to the high thermal conductivity of copper
and SMA materials, it is reasonable to assume that the temperature is uniform across the cross-
section. At time t=0, a constant current is applied to the cooling element. The digital oscilloscope
is synchronously triggered at time t=0. The position of the double-throw switch is determined by
whether cooling or heating is desired. Typically, the length of the temperature measurment record
is 1024 points with a total recording time of about 50 seconds. The measured and predicted
transient responses of a copper thermal load are compared in Fig.13. The Seebeck coefficient of
copper, ae, = 1.3 x 1079V /K (Mac Donald, 1962), and thus ap = 165a,. In the analytical model,
the Seebeck coefficient of copper is taken as zero. The conductivity, resistivity and heat capacity of
copper are taken as 0.401 W/(mm—K), 1.678 x 107> Q—mm and 3.462 x 1073 .J/mm? respectively
(Aesar, 1992). The agreement is far better during cooling than it is during heating. At this time, we
have no satisfactory explanation for this observation; we offer a plausible conjecture. In our current
model we have assumed that the various material properties are independent of temperature over
the range of temperature encountered in our experiments. Suppose, however, that there is some
temperature dependence. We now observe that the temperature excursion during heating (= 60°C')
is significantly larger than that during cooling (= 30°C)). This (conjectured) source of error will
affect the heating curve more than the cooling curve. In order to test this conjecture, we are in the
process of modifying the model to include this effect. The next two figures (Figs.14 and 15) show
the thermal response of SMA specimens of thickness 5.41 mm and 1.19 mm respectively. These are
heated (cooled) from martensite to austenite (austenite to martensite). The former is endothermic
in nature whereas the latter is exothermic, both represented by an increase in the heat capacity, Cs,
from its original value, C?, in absence of phase transformation. For a given heat input(or output)
rate into(or from) the SMA, a higher heat capacity implies a lower rate of temperature change. As
the phase transformation is completed, the heat capacity is restored to its original lower value, CV.
It is thus expected that the high rate of temperature change will be restored after completion of
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Figure 14: Comparison of the heating and cooling curves between experiment and prediction, for

SMA with thickness, dy = 5.41 mm and |.J| = 0.625 Amps/mm?.

Figure 15: Comparison of the heating and cooling curves between experiment and prediction, for
SMA with thickness, ds = 1.19 mm and |.J| = 0.625 Amps/mm?.
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Figure 16: Comparison of the cyclic thermal response between experiment and prediction, for
copper with thickness, d; = 4 mm.

the phase transformation. This is manifested in the distortions of the heating and cooling curves
in Figs.14 and 15, resulting in a delay in the heating and cooling times.

Finally, we turn to Fig.16 for a comparison of the cyclic thermal response of the experi-
ment(shown with a dotted line) and the theory(shown with a continuous line) for copper. The
magnitude of the current density is kept at |J| = 0.625Amps/mm?. Starting at an ambient tem-
perature of 296 K, the copper is first cooled for 1 sec.(with the current direction from the N to
the P for cooling) and heated for 1 sec.(with the current direction now reversed). This process
is repeated in time with a frequency of 0.5 Hz. Notice that the temperature range of each cycle
gradually increases in time, as reflected by the upward trend of the curve. As we allow equal times
for heating and cooling in each cycle, the heating will dominate since it is faster than the cooling,
resulting in a upward shift of the temperature range. In order to maintain the same temperature
range for each cycle, the time allowed for cooling in each cycle has to be higher than that of the
heating, a process that we are currently implementing in our laboratory. However, the cyclic curve
displayed is nonetheless useful in comparing the theory and experiment; the comparison is reason-
able. Note that the frequency of 0.5 Hz can be boosted by increasing the current density or/and
reducing the thickness of the SMA (the value of dy).

CONCLUSIONS

As a first step towards developing a large force and large strain actuator using a thermoelectric
heat exchange mechanism, we have developed a simple 1-D analytical model to model the ther-
moelectric heat transfer problem. The solution is capable of taking into account numerically the
change in the heat capacity of a SMA undergoing phase transformation. Experiments have been im-
plemented in the laboratory and comparison with the theory validates the use of the 1-D model. It
has been theoretically demonstrated that when d; = 0.5 mm , d, = 2 mm and |J| = 2.5Amps/me,
and the SMA is taken through one complete cycle of heating and cooling, a frequency of 2 Hz is
obtained on full transformation. The frequency under the same conditions can be enhanced to
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about 17 Hz if only 25% of phase transformation is allowed. With the existing experimental setup
where d; = 4mm, d, = 2.12mm and |J| = 0.625Amps/mm?, it has been possible to demonstrate
a frequency of 0.5 Hz for copper. We are currently working not only to enhance the frequency of
this thermal cycling but also to model and design the thermomechanical response of the actuator.
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APPENDIX

The parameters C1,Cy and B, used in Eqs. (20),(21),(23) and (24) follow as

T2R1E! (1 - M) — PR — 9V cosh (\/_m;—l(z)

CEverl. md 6= 20 cosh (VIE1d) +¢VHI2) — ViR=id 20
The parameters U and V' are
N [ex/ﬁd+ex/ﬁ(d+2)]
"= 2 [\/f_ﬂ;:—_lsinh (\/1_2]2:—_1(2) + aJk=1cosh (\/]_7,];’—_1&)} 7 (21)
and
. L eV — gk (1+2F8) 5)

B 2 [\/ hk—Lsinh <\/ﬁ(7) + aJkLcosh (\/ﬁ(]ﬂ .
The coefficients, B, remain to be given. These are

_n-1 ) _~ d Fin 1z — TS5 (1% Sinﬁp,ncos(ﬁs,nljl) 7

cos (ﬁgmd) cos (Bpn [1 + CZ]) l
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where the nth eigenvalue corresponding to the ¢th phase, 3; ,, follows from the solution of the

] . (30)

following equations

K Bsntan (Bsnd) = BpncotBy, +al .
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